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ON THE CAR-FOLLOWING THEORY

SUMMARY

The article deals with bumper-to-bumper driving. A sys-
temic approach to car-following (bumper-to-bumper driving)
is described and the mathematical model has been developed
and solved. With this approach an algorithm for analytical and
numerical solutions has been developed.

1. INTRODUCTION

The current problem of bumper-to-bumper driv-
ing has been dealt with in a number of ways. All the
models used for the simulation and control of
bumper-to-bumper traffic are derived from physical
laws of motion. Differential equations describing this
motion depend on different approaches to the prob-
lem.

The system of differential equations for our prob-
lem can be obtained from the requirement [1] that the
velocity error ¢, (1)=v, (1)-v, ,(t) and the spacing er-
ror &,, (D=x,(t)-x,,(t)-S are minimal. If this condi-
tion is fulfilled, we get

&, (D=2, 0)-¢,,©
el a 0 )
—=ig M=k
Mk 1k Mk 3%

In (1) &,,(t)=F,(t)-F,, and F,, is the steady state
tractive effort required to propel the vehicle k at sys-

tem speed. It is necessary to define the most advanta-
geous manner of system regulation. On the other hand

&, ()=—

an entire family of the car-following models has been
investigated based on the following general form [7]:
[x,0)-%,, 0]
%, (+T)=cx! ((+T)————= 2
&t = X, (0-x,, 0] @
In this article the problem of the car-following the-
ory will be presented with another supposition.

2. SETTING THE PROBLEM

Consider the line of n+1 (n e, n>1) vehicles.
The first vehicle is moving at a velocity v,
(vo=vy(£)>0), and the other n vehicles are following,
adjusting their velocity to the vehicle in front of them.

The following notation will be used in the analysis
(see Fig. 1):

n+1 — the number of vehicles in the line of
traffic,
k — an index number, £ = 0,1,2,...,n,

x, =x,(t)— the coordinate of the k-th vehicle’s

front

v, =v, (1) - the velocity of the k-th vehicle,

v, =v, (1) - the velocity of the leading vehicle,

D, =D, (1) - the postulated legal distance of separa-
tion of the (k-1)-th and k-th vehicles.

It follows from Fig. 1 that:

D, (0)=x, ,()-x,(t) (3)

D,(®)
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Figure 1 - Relations between vehicles in the line
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Figure 2 - Simulation diagram of the vehicle-driver system

i) )
and, because v, ,(t)= and v, ()= , it fol-
) dt dt
ows (3)

dD, (1)
;[ =v,, (O)=v, () 4)

Equation (4) satisfies the physical requirements of
the problem.

Let us suppose that we can obtain dynamic equa-
tions governing the line of traffic by insisting that each
vehicle keeps the required legal distance [5]. Each
driver pays attention to the vehicle in front of him,
which means that

vo=v,(D,), k=12...,n ®)

With this assumption, equation (5) can be written
in the following way:

D, +v,(D)=v,, k=1,2,...,n (6)

If we consider each vehicle as dynamic linear sys-
tem, differential equations (6) describe the dynamics
of the vehicle in the line. Equations (6) are dynamic
equations of the system of vehicles and represent the
mathematical model of a continuous dynamic control
system. The response of the system to this input func-
tion is calculated, i. e. the distance D,(f), which k-th
driver (k = 1,2,...,n) with optimum control of his vehi-
cle (system) adjusts to the motion of the vehicle in
front of him. This distance is the time function and
represents the law which drivers in a line of vehicles
abide by, i.e. the law of the line of vehicles. Simulation
diagram of this mathematical model is given in Fig. 2.

G, is the feed-back operator describing the func-
tion’s dependence (5).

The simplest type of motion to analyse is the one in
which the dependence is linear:

Relations (7) assume that every driver in the line
adjusts the velocity of his vehicle to the velocity of the
vehicle in front of him in the linear manner. The coef-
ficient 7, =a;' represents the total time in which the
k-th driver would cover the distance D, to the vehicle
in front of him if the latter suddenly stopped. This
time is made up of two parts: the driver’s reaction time
T, and the time ¢, which is needed for displacement D,
in the physical sense:

7, =T+, (®)
Without affecting the generality of the model, we

may simplify it and accept that on average all these
times are the same and therefore

T,=7,=...=T, =T 9)
T,=T,=...=T, =T (10)
6,=C,=...=C, =L (11)
a,=a,=...=a, =a (12)

By inserting (9) - (12) into the equations of the sys-
tem (6) we get a mathematical model in the form of

v, O=d]v, (-T)v,-D)], k=1,2,...,n (13)

Equations (13) are dynamic equations of the sys-
tem of vehicles and are non-homogeneous linear
equations of the 1% order. The right side of (8) is the
input of the dynamic driver-vehicle system. We will
calculate the output of the system, i.e. velocity v,(¢) of
the k-th driver. The leading driver’s velocity v, is
known. It is arbitrary and depends on the weather con-
ditions and the state of the road surface.
Di0)="2D, ;v (0=Dy, (14)

We can solve the system of equations (13) by using
Laplace transform:

g, 100 @ L0y =d {v, D} -L{v,-1}] (15)
V,.(s) & 1 Vi(s) =
g s+ae™ B
+
%(0)

Figure 3 - Block diagram of the mathematical model of a traffic line
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We denote it £{v, ( )} =V, (s) and obtain (15)

V,( ) ¢ Yo ) (O k=12 (16
= =1,2,.8.50

kS s+ae‘T‘ Tstae™ )
The block diagram of equation (16) is shown in

Fig. 3.

To obtain the solution in real time-space, equation
(16) cannot be used with inverse Laplace transform,
so it must be rearranged and stated in a different form.

For k = 1 we first obtain

ae ™V, (s)v,(0)
Vs)e~or—"— %
s+ae

For k = 2 we obtain
ae "V, (s)+v,(0)

L
V,(s)= pyw
_a’e '"’V(,(s) ae” vl(O) v, (0)
 (s+ae™)’ (s+ae"") (Sme'rs)

Generally, we obtain
a* eV, (s) 1a’ e v, (0)

V (S)= rd 2
2 (s+ae™)" = (s+ae™)™
k20,2050 a7
Because ([2], [3]) the series are convergent
a e i :i(_l),_k (r—l)!a’e””, ’
(sme'rs) =k (k—l)'(r—k)!s
ae 18
. (18)
k , —kTs Nk =75
a’e o Z( 1y rla’e 2
(s+ae™) k\r—k)'s
ae™
B <1 (19)
it follows from (17)
- =DV, ()" e™™
1% = _1yr-k 0
el §[( D DI }*
k- 1|’v (0) P ot Na' e '™
2 T S 20)

Equation (20) undergoes inverse Laplace transfor-
mation and so we obtain the solution of a differential
equation (17), i.e. the speed of the k-th driver (k =
1,2,3,...,n) in the traffic line:

o 1V*a
v, ()= Z (k—l)'(——k—)'_'}',(t—rT) +
m -mT:

iy (02" a
BT

r=0 m=r (m—f)!

(t-mT)" } (21)

Here

¥ =5 {V(,(s)

r- l)'}

={i v, (£ dE 20 @)
0

t<0
) t—-mT >mT -
PR 0 >mT o

To complete the solution we have to estimate its
asymptotic behaviour. Since lLimV, ()= limsV, (s) it
follows from (17) e

limV, ()= hmsV (s)

t—>x

(24)

3. SPECIAL EXAMPLES

1. Drivers react without delay: 7 = 0.

2. The velocity of the leading vehicle differs in time:
vo(t) = v + apt.

3. The combination of both conditions: 77 = 0 and
Vo(t) = vy +ay .
When 7' = 0 we obtain the model from (13) in the

form of

b, O=dv, O, ©], k=1,2,...,n (25)
Hence
av, (s) v, (0)
V, ()= +
S+ S+a
and
v (OD=ce ] e%v, ,E)de+v, (0)e ™ = (26)
0

= e""l:a;[ " s (§)d§+ ® D, ]

Let us state the leading vehicle’s velocity as
vo(t)=v+ay. The leading vehicle is accelerating when
a,>0, decelerating when a,<0 and moving at constant
velocity when a,=0. In this case equation (21) is stated
in the form of

D

Vk(t) Z|:(k DI k)' (‘n"’ao(t T é))&klda.»:]*

k—lrvn—r(O) = (—l)m i ‘"'T-"I m
+§Ul_ r mz=r (m-r)! = _mT)§ :| (27)

In the case (T’ =0) /\(v,, ()=v, +a(,t) we obtain

v O=u] v, —u+a, (¢ kt)](l_e = ]l(i) j+

tINT
1
Te * kg
Gl %)
_Dﬂ 7
g (29)

The initial velocity of the k-th vehicle follows from
(28):

v, (0)=u+[v(, —u-a, k] (1-1)+0=u (30)
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Expression (29) presents the initial velocity of a
line of vehicles, i.e. the velocity at time ¢=0.

4. NUMERICAL EXAMPLES

Computer simulation with “Maple V” software
tools was done for some special examples. The graphs
of corresponding response functions are given in Fig.
4-6.

5. CONCLUSION

The mathematical model of vehicle behaviour in a
line of vehicles must be based on the real laws of phys-
ics. Solving differential equations which represent the
mathematical model of a continuous dynamic system
requires new approaches and the use of computers.
Algorithms obtained in this way are good foundation
for computer simulations which are an important tool
for the study of road capacities.

POVZETEK

VOZNJA VOZIL V KOLONI

V prispevku obravnavamo voznjo vozil v koloni. Opisan je
sistemski pristop k temu problemu, kreiran in reSen je relevan-
ten matematicni model. S takSnim pristopom uspemo razviti
algoritem za analitiéne in numericne resitve danega problema.
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