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ANALIZA I OPTIMIZACUA 
REMONTNE RADIONICE 

POMOCU ANALITICKE METODE 

SAZETAK 

Ureferatujepredocenaanalitickametodazaodredivanjeop
timalnog broja skladistara u velikoj servisnoj radionici. Metoda 
je utemeljena na teoriji masovnog poslutivanja (TMP ). Ukratko 
su opisani koncepcija, osnovna nacela i ogranicenja ove teorije. 
Na konkretnim primjerima sustava masovnog poslutivanja 
(SMP) kreiranje odgovarajuCi matematiCki model. Na temelju 
matematickog modela odredene su i analizirane kvantitativne 
znacajke razmatranih varijanata SMP. Na kraju, predoceni sui 
razmotreni najvatnij i kvantitativni pokazatelji, te osnovni para
metri optimizacije i optimalni model SMP. 

1. UVOD 

Tijekom projektiranja ili pak rekonstrukcije proizvodnih iii 
remontnih radionica cesto ne postoji samo jedno alternativno 
Ijerenje. Zadaea je projektanta pronaci optimalno Ijesenje po
lazeci od nekih pokazatelja ekonomicnosti. Slo~enost problema 
primorala je projektante da uporabe novimetodoloski pristu p koji 
se temelji na sustavnoj analizi kao postupku istr~ivanja i 
donosenja odluka. 

Jedan od znaeajnijih obli.ka sustavne analize je operacijsko 
istr~ivanje. Klasicna zadaca operacijskih istrazivanja je prob
lem redova. Red nastaje kada neki subjekt koji se ima posluziti 
ili pak zahtjev stigne na mjesto posluzivanja koje je zauzeto 
drugom uslugom koja se trenutacno obavlja. Ako su poznate za
konitosti dolaskasubjekata (ili zahtjeva) i poslu~ivanja, red seta
da moze matematicki analizirati. 

Analiticki postupci za Ijesavanje takvih zadaca poznati su 
pod nazivom "teorijaredovaili "teorijamasovnog posluzivanja". 
Potonji se postupci temelje na teoriji vjerojatnosti i omogucuju 
analizu i ocjenu 'sustava masovnog poslu~ivanja', odredivanje 
karaktera reda i stupanj zadovoljavanja pristiglih zahtjeva za 
posluzivanje u svezi s razlicitim strukturama sustava. Istim'se 
postupkom moze odabrati optimalan model sustava. 

U ovom se radu razmatra otvoreni model sustavazamasovno 
posluzivanje neogranicenog toka zakoji zahtjevi za uslugu sti~u 
prema Poissonovoj raspodjeli i obavljaju se prema redoslijedu 
dolaska. Druga pretpostavka podrazumijeva da je raspodjela 
posluzivanja priblizno eksponencijalna. lako se cini daje broj 
pretpostavaka za ovaj model sustavamasovnog posluzivanja ve
lik, on se moze siroko primijeniti u praksi i istodobno biti temelj 
za proucavanje slozenijih modela. 
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ANALYSIS AND OPTIMIZATION 
OF THE REPAIR WORKSHOPS BY 

AN ANALYTICAL METHOD 

SUMMARY 

The paper presents an analytical method for determining op
timal number of servicer in a big repair workshop. This method 
is based on the theory of mass servicing (TMS) . A short descrip
tion of basic concept, principles and limitations of this theory is 
given. The adequate mathematical model is created on the con
crete examples of the mass servicing system (MSS). On the basis 
of this mathematical model, the quantitative characteristics for 
all variants of MSS are defined and analyzed. Finally, the most 
important quantitative characteristics, basic parameters of the 
optimization goals and an optimal solution for analyzed variants 
are presented and discussed 

1. INTRODUCTION 

In the process of design or reconstruction of production or re
pair workshops often there is more than one alternative solution. 
The task of the designer is to find optimal solution starting from 
some economy indicators. The complexity of the problem forced 
designers to apply new methodological approach which is based 
on systematic analysis as a method of research and decision mak
ing. 

One of the more important aspects of system analysis is 
known as operations research. The classical task of operations re
search is a problem of queue. The queue is initiated when an ele
ment to be serviced or a request for work arrives at the work posi
tion which is occupied by the other work in progress. If the law 
of arrival of the elements for servicing (or requests for work) is 
known and if order of operations and a time required for proces
sing are known, then the queue can be analyzed mathematically. 

Analytical methods for solving such tasks are known as 'The
ory of Queues' (TQ) or as a 'Theory of Mass Servicing' (TMS). 
TMS methods are founded on probability theory and make pos
sible .the analysis and estimate of the 'Mass servicing System' 
(MSS), determining the characterofthe queue and show the level 
of satisfying arrived servicing requests for different system struc
tures . By the same method it is possible to select the optimal mo
del. 

In this work an opened model of MSS with unlimited flow 
for which servicing requests arrive according to the Poisson's dis
tribution and are serviced in the order of arrival, is discussed. The 
other assumption is that the distribution of servicing is appro
ximately exponential. Although the number of assumptions for 
the model MSS looks high, it was found that it can be applied in 
practice and at the same time provide a basis for the study of more 
sophisticated models. 
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2. USTROJ SUSTA VA MASOVNOG 
POSLUZIVANJA 

S ustav masovno g poslu!ivanja podrazumijevaskup su bjeka
ta kojima se pru!a usluga, od kojih sti!e tok zahtjeva za davanje 
usluga,iodsubjekatakojiobavljaju te usluge . Primjertakvog sus
lava je npr. remontna radionica sa svim radnim mjestima i djelat
nicima, zajedno sa skladiStem i skladistarom koji poslu!uje 
djelatnike novim dijelovima. Svojstveno je sustavima ove vrste 
da potra!nja za uslugom ne odgovara tocno kapacitetu pos
lu!ivanj a sto ima za posljedicu s jedne strane stvpranje red ova ili 
pak s druge strane besposlenost. Kao sto je vee ranije spomenuto 
u ovome radu, razmatrat ee se otvoreni sustav s jednostavnim 
tokom zahtjeva. Znacajke tog sustava su stacionamost, jed
nostavnost i neovisnost [1]. 

Stacionarnost pretpostavlja tok zahtjeva koji ne pokazuje 
promjenu srednjeg broja zahtjeva s vremenom. 

J ednostavnos t toka znaci da je vjerojatnost prispijeca viSe od 
jednog zahtjeva u isto doba bezgranicno mala. 

Neovisnost toka znaci da vjerojatnost prispijeca veeeg broja 
zahtjeva u nekom vremenskomrazmaku ne ovisi o broju zahtjeva 
koji su prispjeli u sustav prije tog razdoblja. 

Tokzahtjevakoji posjeduje sve spomenute znaeajke more se 
kvantitativno opisati Poissonovom zakonitoscu raspodjele [1], 
[2], ako je poznat parametartoka tj. srednji broj zahtjeva u jedinici 
vremena: 

k -At 

P ( ) 
= (A.t) e 

k t k! (k = 0, 1, 2, ... ) (I) 

gdje je Pk (t) vjerojatnost da u vremenskom razdoblju 0- t stize 
k zahtjeva za uslugom i gdje je k diskretna (nije kontinuirana) 
slucajna varijabla, A. je srednji broj zahtjeva u jedinici vremena. 
Ako se zna Pk (t) za k = 1, 2, 3, .... , vjerojatnost da u vremenu t 

ne stigne viSe od n zahtjeva, more se odrediti iz 

n 

P(k5,n) = LPk(t) 

k=O 

(2) 

Druga va!na posljedica Poissonova toka je da ako t pred
stavlja slucajnu varijablu za vremensko razdoblje izmedu sus
jednog prispijeca zah~eva za uslugom, koji slijede jedan za 
drugim, tada se t raspodjeljuje sukladno eksponencijalnoj dis
tribuciji s parametrom A t, sto ima funkciju gustoce raspodjele: 

-AI 
f(t) = I.e (3) 

Analiticki postupci teorije masovnog poslu!ivanja namecu 
iz vjesna ogranieenja i za zakonitosti raspodjele poslu!ivanja, ko
ja bi takoder morala imati eksponencijalnu distribuciju (ilijoj pak 
biti vrlo blizu), sfunkcijomgustoce vjerojatnostikako je dano [1]: 

2. STRUCTURE OF THE MASS 
SERVICING SYSTEM (MSS) 

MSS assumes the complex of objects being serviced, from 
which a stream of requests for servicing arrives, and of the object 
which that servicing perform. Example ofthatsystemise.g. repair 
workshop with all work places and workers together with store 
and servicer, which service those workers with renewal parts. It 
is typical for systems of that kind that demand for servicing does 
not match exactly the inflow of requests which as a consequence 
produces queuing on one side or idleness on the other. As men
tioned earlier in this work an opened system with a simple flow 
of requests will be treated. Characteristics of that system is sta
tionarity, ordinarily and independence [1]. 

Stationarity - assumes the flow of requests which does not 
change it's mean number of requests with time. 

Ordinarily -of flow means that the probability or arrival of 
more than one request at the same instant is infinitely small. 

Independence -of the flow means that the probability of the 
arrival of a number of requests in any interval of time does not 
depend on the number of requests that arrived in the system before 
that interval. 

The flow of requests that has all mentioned characteristics 
may be quantitatively described by the Poisson's law of distri
bution [1 ], [2], if a parameterofflow (i.e. mean number of requests 
per· time unit) is known, 

k - At 

P ( ) 
= (A.t) e 

k t k! (k = 0, 1, 2, ... ) (1) 

where: Pk(t)is the probability that in the periodoftimeO-tarrives 
k requests for servicing and where k is a discreet (non continous) 
random variable; A is mean number of requests per time unit. 
Knowing Pk (t) fork= 1, 2, 3, ... , the probability that in the time 
t does not arrive more than n requests, may be found from: 

n 

P(k5,n) = LPk(t) 

k =O 

(2) 

The other important consequence of the Poisson flow is, that 
if t represents a random variable for the time between successive 
arrivals of requests for servicing, which follow one after the other, 
than tis distributed according to the exponential distribution with 
parameter At, with the function of the density of distribution: 

f(t) = I.e 
-At 

(3) 

The analytical methods of the theory of mass servicing put 
certain constraints to the law of distribution of servicing, which 
should have exponential distribution too (or very close to it) , with 
the function of the density of probability given as [1]: 

f(t) = J..Le - J.Lt (4) f(t) = J..Le - J.Ll (4) 

gdje je J.J parametar poslu!ivanja (tj. broj obavljenih usluga u je
dinici vremena). 

Ako poslufivanje imaeksponencijalnu distribuciju proizlazi 
daje srednja gustoca poslu!ivanja J..L- broj usluga u jedinici vre
mena. Srednje vrijeme poslufivanja moze se interpretirati kao 
srednja vrijednost varijable t. Temeljem ( 4) proizlazidaje srednje 
vrijeme poslu!ivanja l!J..L. Vjerojatnost da ee vrijeme poslu!iva
nja bitijednako t ili iznad, daje se kao: 

(5) 
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where J.J- is the parameter of servicing (i .e. number of performed 
services per time unit). 

If the servicing has an exponential distribution it follows that 
the mean density of servicing is J..L - a number of servicings per 
time unit. The mean time of servicing may be interpreted as a 
mean value of the variable t. From ( 4) it follows that the mean time 
of servicing is 1/J..L. The probability that the time for servicing 
equals tor more, is given as. 

(5) 
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Analogija izmedu toka zahtjeva prema Poissonovoj dis
tribuciji i poslufivanje premaeksponencij alnoj zakonitostimore 
se interpretirati kako slijedi. 

Ako je k broj mogucih usluga u vremenu t, tj. broj zahtjeva 
koji se mogu prihvatiti u vremenu t, ako mjestaza pruzanje usluga 
neprestano rade, tad a k slijedi Poissonovu distribuciju s paramet
romJ.tt: 

k -J,!t 

P ( ) = (l!t) e 
k t k! (6) 

Da bi se provjerilo da li empirijski podaci za tok zahtjeva i 
posluZivanje slijede Poissonovu odnosno eksponencijalnu dis
tribuciju, mofe provesti test ;i , ili Poissonov indeks disperzije 
kodmalog broja podataka [2]. Da bi se zorno predstavila primjena 
ovog postupka dat ee se neki primjeri. Podaci o sustavu odredit 
ee se jednostavnim izrazimakoji sadrle: matematicko oeekivanje 
srednjeg brojazahtjeva u redu, srednje vrijeme zahtjeva sto ceka
ju uslugu, srednje vrijeme koje skladistar provodi besposlen, itd. 

3. MODEL SUSTA VA ZA MASOVNO 
POSLUZIV ANJE S JEDNIM 
POSLUZITELJEM 

Za razliku od zatvorenog modela sustava za masovno 
poslufivanje ogranicenog toka [3], ovdje ee serazmatrati otvore
ni model neogranieenog toka. Takav model omogucuje izvjesno 
pojednostavnjenje matematickog modela, pa se taj postupak 
moze uporabiti kadaje broj zahtjeva za uslugom vrlo visok [4]. 
Primjer takvog toka je tok djelatnika radionice prema skladiStu 
za nove dijelove. 

Prirnjer koji se analizira je velika remontna radionica koju 
poslufuje jedan skladistar. Pri normalnom radnom opterecenju 
remontne radionice, na temelju empirijskih podataka, tijekom 
radnog sata u prosjeku stigne 15 zahtjeva (radnika) za poslufiva
nje, tj. A. = 15 (ili 0,25/min). Skladistar u prosjeku posluzi 33,5 
zahtjeva u jednom satu, tj. I!= 33,5 (ili 0,558/min.). Srednje vri
jeme poslufivanjaje 111! = 1,79 minuta. Na temelju teorije ma
sovnog poslufivanja [1], poznato je da kod sustava masovnog 
poslufivanja neogranieenog toka zahtjeva red nece beskonacno 
rasti samo ako je 

A. 
\jl=jl~s 

gdje je s broj posluZitelja. 

0.25 
U na8em primjeru: \jl = 

0
_
558 

= 0.448 < s = 1 

(7) 

Vjerojatnost dane postoji nikakav zahtjev za uslugom u sus
tavu za masovno poslu!ivanje, tj. vjerojatnost da su svi pristigli 
zahtjevi (radnici) hili posluzeni ida nema onih koji eekaju, defi
nira se kao 

The analogy between flow of requests according to the Pois
son's distribution and servicing according to the exponential law, 
may be interpreted as: 

Ifkis the number of possible servicings in timet, i.e. the num
ber of requests which could be serviced in time t if the places of 
servicing is working continuously, then k follows the Poisson's 
distribution with parameter J.t t: 

k -J,!t 

p (t) = (Ill) e 
k k! (6) 

To check weather the empirical data for the flow of requests 
follow Poisson'sorexponentialdistribution, az2 test may be per
formed if theoretical frequencies or Poisson's dispersion index, 
can be found from a small number of data [2]. 

In order to demonstrate application of the method some ex
amples will be shown. Information about the system are to be 
found by the simple formulae comprising: mathematical expec
tation of the mean number of requests in the queue, mean time 
of the request weighting for servicing, mean idle time of the ser
vicer, e.t.c. 

3. MSS MODEL WITH ONE SERVICER 

As a difference to the closed MSS model with limited flow 
[3), here the open model with unlimited flow will be reviewed. 
Such model makes possible certain simplification of the math
ematical model and it is possible to apply the method when the 
number of requests for servicing may be very high [4). The ex
ample of such flow is a flow workshop workers to the store for 
renewal parts. 

As an example to be analyzed, a big repair workshop with 
store served by one servicer. With normal work load of the repair 
workshop, on the bases empirical data through the work hour on 
average 15 requests (workers) for servicing arrive, i.e. A.= 15 (or 
0,25/min). The store servicer on average serves 33,5 requests 
through the one hour, i.e.!!= 33,5 (or0,558/min). The mean time 
of servicing is lll! = 1,79 minutes. From the theory of mass ser
vicing [1] it is known that for MSS with unlirnitedflowofrequests 
the queue will not grow to infinity only in the case when: 

(7) 

where sis the number of servicers. 

0.25 
In the example: \jl = 

0
_
558 

= 0.448 < s = 

The probability that there is no request for servicing in the 
MSS, i.e. the probability that all requests (workers) arrived were 
serviced and that there are no requests weighting, is defmed as: 

Po 1-\j/ (8) 

Po = I - \jl (8) Po I -0.448 = 0.552 

Po = I - 0.448 = 0.552 

Vjerojatnost da postoji k zahtjeva u sustavu za masovno 
posluzivanje moze se izraeunati prema rekurzivnom izrazu [ 4): 

Pk = \jfpk-1; P1 = \jfpo; P2 = \jfpl it.d. 

ili:pk = \jlkPo = \jlk(I-\jl) 
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(9) 

The probability that there are k requests in the MSS may be 
calculated form a recursive formula [4]: 

Pk = \jfpk-1 ; PI = \jlpo; P2 = \jfpl etc. (9) 

k k 
or: Pk = \jl Po = \jl (1 - \jl) 

The probabilities Pk• that there are from 0 to 10 requests in 
any moment in the system, are given in the Table 1. 
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Tabllca 1 
Table 1 

PO Pl P2 P3 P4 P5 P6 P7 P8 P9 PJO 

0,552 0,247 0,110 0,049 0,022 0,009 0,004 0,002 0,0009 0,0004 0,00018 

Vjerojatnostipk, da postoji od 0 do 10 zahtjeva u bilo kojem 
trenutku u sustavu daju se u tablici 1. 

Vjerojatnost daje broj zahtjeva k manji od n, daje se prema 

n 

~ n+l 
P(k~n) = L,.Pk = 1-'1' (10) 

k=O 

Vjerojatnost da je broj zahtjeva u sustavu za masovno 
posluzivanje k veci od n je 

p(k>n)='V 
n+l 

(11) 

U primjeru kada je tok neograni~en, vjerojatnost da postoji 
vi8e od jednog zahtjeva u sustavu za masovno posluzivanje (koji 
su u tijeku, obradbe ili~ekaju)je : P(k>l) = 0,4482 = 0,20; za vise 
od2zahtjeva: P(k>2)= 0,09, za viSe od3 zahtjeva: P(k>3) = 0,04, 
a za viSe od 5 zahtjeva: P( k > 5) = 0,008. Opcenito, vjerojatnost 
da tijekom vremenskog razdoblja t prispije k zahtjeva (radnika) 
za pruzanje usluge je prema (1] 

k 
(A.t) - A.t 

Pk(t) = ~e (12) 

Proizlazi da se vjerojatnost za k > A.t izuzetno brzo smanjuje, 
jer vrijednost nazivnikakraste brre od vrijednosti broj nika (A. t f . 

MatematiCko ocekivanje za srednji broj zahtjeva koji rekaju 
je 

2 

"' 1-"' 
Za na8 primjer to daje 

0.448
2 

El = 1-0.448 = 0.363 

(13) 

MatematiCko o~eki vanje glede broj azahtje va (radnika) usus
tavu zamasovno posluzivanje (koji su u tijeku obradbe ili rekaju): 

A. "' E2 = J.i - A. = l - 'I' (14) 

0.448 
E2 = 1 - 0.448 = 0·8 

Matemati~ko orekivanje da je posluzitelj besposlen je 

E3 =Po = 1 - 'I' (15) 

E 3 = l - 0.448 = 0.552 

Srednje vrijeme ~ekanj azahtjeva(radnika) na posluzivanje je 

~ = J.1(1~'1') = J.i(J.lA.- X) E: (16) 

U na8em primjeru to je 

- 0.448 . 
~ = 0.558 ( 1 - 0.448) = 1.45 mm 

Vjeroj atnost~ekanjazahtjeva (radnika) na pos1uzivanje dulje 
od tje 

P (> t) = \jle -iil(l - ljl) (17) 
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The probability that the number of requests is k less than n, 
is given by: 

n 

(10) 

k = 0 

The probability that number of requests in MSS is k greater 
then n is: 

p(k>n) = 'I' 
n+l 

(11) 

In the example where the flow is unlimited, the probability 
that there are more than 1 requests in the MSS (being serviced and 
weighting) is: P(k > 1) = 0,4482 = 0,20; for more than 2 requests : 
P(k >2) = 0,09, more than 3: P(k>3)=0,04; and more than5: P(k 
> 5) = 0,008. Generally, the probability that during the period of 
time t arrives k requests (workers) for servicing is, according to 
(1): 

(12) 

It follows that the probability fork> A.t decreases rapidly, be
cause the denominator k! increase in value faster than the nomi
nator (A. t f. 

Mathematical expectation for the mean number of requests 
weighting is: 

A. 2 2 

---,.-----.~ - "' J.i(J.i - A.) - 1 - '1' 

For the example it gives : 

2 

0.448 
= 0 363 

1 - 0.448 . 

(13) 

Mathematical expectation of the number of requests (work
ers) in the MSS (being serviced and weighting): 

A. "' E2 = J.i - A. = 1 - 'I' (14) 

0.448 
E2 = 1 - 0.448 = 0·8 

Mathematical expectation that the servicer is idle is: 

E3 = Po = 1 - 'I' (15) 

E 3 = I - 0.448 = 0.552 

Mean time waiting for request for servicing is: 

t = 'I' = A. E2 
f J.i(1 - 'l') J.i(J.i - X) J.i 

(16) 

In the example it is: 

- 0.448 
1! = 0.558 ( 1 - 0.448) = 1·45 min. 

The probability of waiting for request (workers) for servicing 
longer than t is: 

(17) 
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Za nas primjer vjerojatnost ~ekanja na zabtjeve daje se u ta
blici 2. Analiza podataka iz tab lice pokazuje da postoji 24,19% 
zabtjeva koji ~ekaju na uslugu dulje od dvije minute i samo 9,6% 
onih koji ~ekaju dulje od pet min uta. 

Tablica 2. 
Table 2. 

Vjerojatnost ~ekanja du:l:e od: 
Probability of waiting longer than: 

dvije minute tri minute pet minuta 
two minutes three minutes five minutes 

0.2419 0.1778 .. 0.096 

lz analiziranog primjera mo!e se zaklju~iti da je poslu!itelj 
neiskoristen, buduci da je besposlen, dok ~eka na zahtjev za 
posluzivanje 0,55 radnog vremena. Za radni dan to je 4,4 sata. 

Ako se uzme u obzir neko povecanje kapacitetaremontne ra
dionice postojeci bi sustav za masovno poslu!ivanje bio nep
rimjeren. U sljedeeem primjeru povecat ce se parametar ulaznog 
toka trostruko taka daje novi A.= 0,75. Srednje vrijeme pos
luZivanja i odgovarajuci J..l = 0,558 ostaju nepromijenjeni. Prema 
teoriji masovnog poslu!ivanja, sustav neograni~enog taka gdje 

A. 0.75 
ljl = i! = 0.558 = 1.344 

more biti racionalan samo s dvama poslu!iteljima, jer za neog
raniren tokzabtjeva (radnika) i za vise od jednog posluzitelja, red 
nece beskon~nonarastisamo akoje!JJ..L< 1, tj.A.IJ..LS< 1 ... Analiza 
sustava za masovno poslu!ivanje remontne radionice s dvama i 
trima posluziteljima prikazanaje u sljedecem poglavlju . 

4. ANALIZA SUSTA VA ZA MASOVNO 
POSLUZIV ANJE S DVAMA I TRIMA 
POSLUZITELJIMA 

Temeljniparametrisustavazamasovno poslu!ivanje u ovom 
su slu~aju 

A.= 0,75; J..l = 0,558; 'P = 1,344; s = 2 is= 3 

Vjerojatnost da ima k zabtjeva u sustavu (koji su u obradbi 
ill ~ekaju) je 

k 
- ljl 

pk - Pokf za 1 ~k<s 

k 

(18) 

For the example the probability of waiting for requests are 
given in tbe Table 2. The analysis of the data from the table shows 
that there are 24,19% requests waiting to be serviced for longer 
than two minutes and only 9,6% longer than five minutes. 

From the analysis example it may be concluded th~t the ser
vicer is unutilized, because it is idle, weighting for request for ser
vicing 0,55 of the work time. For work day it is 4,4 hours. 

Taking into account that some increase of capacity of repair 
workshop, the existing MSS would be inadequate. In the next ex
ample the parameter of the input flow will be increased 3 times 
so that new A. = 0,75. Mean servicing time and corresponding 
J..l = 0,558 remain unchanged. According to TMS, the system 
with unlimited flow where: 

A. 0 .75 
ljl = i! = 0.558 = 1.344 

maybe rational only with two servicers, because for the unlimited 
flow of requests (workers) and for more than one servicers, the 
queuewillnotgrowtoinfinityonlyifA.IJ..L<1,i.e.A./J..Ls<l. TheMSS 
analysis of the repair workshop with two and three servicer is 
demonstrated in the next chapter. 

4. ANALYSIS OF THE MSS WITH 
TWO AND THREE SERVICERS 

Basic parameters of the MSS in this case are: 

A.= 0,75 ; J..l = 0,558; 'P = 1,344; s = 2, s = 3. 

The probability that there are k requests in the system (being 
serviced or waiting) is : 

k 
- ljl 

h - Pokf for 1 ~k<s (18) 

k 

P = p ......!...._ for k~s k 0 k-s 
s!s 

(19) 

The probability that there are no requests is given by: 

Po = [ i k~ + s! 7;:~)] - l 
k= 0 

(20) 

In the case of s = 2 the probability is: 

[ 
1.344 1.344 

2 
1.3443 

] - ) 
Po = 1 + -1- + -2- + 2 (2 - 1.344) = 0.196' 

and in the case of s=3 the probability is: 

- ljl za k ~ s Pk - po~ (19) p 0 = 0.251 
s!s 

Vjerojatnost da nema zabtjeva daje se izrazom 

TabUca3. 
Table3. 

Broj servisera 
Number of servicers 

s 

2 

3 

PO 

0,196 

0,251 
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PI 

0,263 

0,237 

P2 

0,177 

0,226 

The values ofite probability Pk that there are krequests in the 
MSS are given in Table 3. 

P3 P4 P5 .. . PIO 

0,119 0,080 0,054 ... 0,0074 

0,101 0,045 0,020 ... 0,0004 
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Po = [ i k~ + s! 7;:~)] -l 
k = O 

(20) 

U s1ucaju daje s = 2, vjerojatnostje 

[ 
1.344 1.344

2 
1.344

3 
] - ] 

Po = 1 + -1- + -2- + 2 (2 - 1.344) = 0.196 

au slucaju daje s = 3 vjerojatnostje 

p 0 = 0.251 

Vrijednosti vjerojatnosti pk da ima k zahtjeva u sustavu za 
masovno pos1u!ivanje daju se u tablici 3. 

Vjeroj atnost da su u trenu tku stizanj as1jedeee g zahtjeva (rad
nika) svi pos1u!ite1ji zapos1eni pos1u!ivanjem prethodno pristig
lih zahtjeva (radnika) podvrgnut (;e se analizi. 

Opeenito g1edano pri s pos1u!itelja vjerojatnost da novi 
zahtjev mora cekati jednaka je vjerojatnosti da postoji barem s 
zahtjeva u sustavu u tom trenutku. Vjerojatnostje prema izrazu 

CX) 

P(k"?::.s) = II = L>k = 
k = s 

/ CX) ("')k 
= Sf L s Po 

s 
'V Po 

(s - 1) ! (s - \jl) 
(21) 

k =s 

Zas=2, toje 

1.344
2

. 0.196 
II = (2 - 1)! (2 - 1.344) = 

0·539 

azas=3, 

II = 0,1838. 

Prema teoriji masovnog poslu!ivanja funkcija distribucije 
vremena cekanja zahtjeva je 

P(y>t) = IIe-(sJ.l - A. ) t (22) 

gdje je y vrijeme cekanja na poslu!ivanje 
Za s = 2, f.l = 0,558; A.= 0,75 i y > 1 vjerojatnostje 

P(y> 1) = 0.539e-(2
·
0

.
558

-
0

.
75

)
1 = 0 .379 

a za s = 3 

p (y> 1) = 0,0729 

Na temelju (22) mogu se odrediti drugi kvantitativni podaci. 
Posebno je zanimljivo matematicko ocekivanje vremena cekanj a 
na pocetak poslu!ivanja, tj. srednje vrijeme cekanja: 

- II 
11 = -f.l'( s---\jl~) (23) 

Zas =2 

- 0.539 
'r = o.558 (2 - 1.344) = 1.472 min 

Odgovarajuce vrijednosti za na5 primjer sa s = 2 is= 3 dane 
su u tablici 4. 

Konaeno, mo!e se izraeunati srednje vrijeme koje zahtjevi 
(radnici) gube eekajuci a koji su stigli u svrhu posluzivanja 
tijekom vremena T. 

Tijekom vremena T u prosjeku stigne A.T zahtjeva (radnika) 
tako daje njihovo ukupno vrijeme cekanja 
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The probability that at the moment of the arrival of the next 
request (worker) all servicers are occupied by servicing previ
ously arrived requests (workers) will be analyzed. 

Generally with s servicers the probability that new request 
must wait is equal to the probability that there are atleastsrequests 
in the system at that moment. That probability is according to for
mula (19): 

CX) 

P(k"?::.s) = II = LPk = 

k =s 

ss oo ("')k \jfspO 

= Sf L s Po = (s - 1)! (s - \jl) 
k = s 

For s = 2, it is: 

1.344
2

. 0.196 
II = (2 - 1)!(2 - 1.344) 

and for s = 3, 

II = 0,1838. 

0.539' 

(21 ) 

According to the lMS the function of the distribution of the 
waiting time of the request is: 

P ( ) II 
-(SJ.l -A.) t 

'Y > t = e , 

where 'Y is the time of waiting for servicing. 

(22) 

For s = 2, f.l = 0,558, A.= 0,75 and 'Y > 1, the probability is: 

P(y>l) = 0.539e-(2 · 0.55S- 0.?5) 1 = 0.379, 

and for s = 3, 

p ("( > 1) = 0,0729 

Basedon(22)otherquantitativedatamaybefound.Ofspecial 
interest is the mathematical expectation of the time of waiting for 
the beginning of servicing i.e. mean waiting time: 

- II 
'r = -f.l_,(-s ---'V~) (23) 

Fors =2: 

- 0.539 
'r = o.558 (2 - 1.344) = 1.472 min. 

Corresponding values for the example with s = 2 and s = 3 
is given in Table 4. 

Mean lost time of the request (worker) while waiting and 
which arrived for servicing during the timeT, may be calculated. 
During the timeT, on average A. Trequests (workers) arrive, so 
their total waiting time is: 

- - II'¥ 
r1 = "''!' = s _ "'T (24) 

For If/= 1,344, s = 2 and T = 1 day= 480 min, TJ = 529 min 
.i.e. 8,83 hours. 

Corresponding values of the total waiting time TJin the case 
of s = 2 and s = 3 are given in the Table 4 . 

Mathematical expectation of the mean number of requests in 
a queue may be determined by: 

(25) 

Corresponding values of the mean number of requests (work
ers) in the queue for s = 2 and s = 3 are given in the Table 4. 
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Tabllca 4. - - TI\f T = 'J...tJ' = -T 
f r s - '1' (24) Table 4. 

Za 'P= 1,344; s = 2 iT= 1 dan= 480 min, TJ= 529 min tj. 
8,83 sata. 

Odgovarajuce vrijednosti ukupnog vremena cekanja 1'1 u 
slucaju karl je s = 2 i s = 3 daju se u tablici 4. 

Matematicko oeekivanje srednjeg brojazahtjeva u redu more 
se odrediti pomotu 

(25) 

Odgovarajute vrijednosti srednjeg broja zahtjeva (radnika) 
u redu za s = 2 is= 3 daju se u tablici 4. 

Matematickoocekivanje za vrijemekoje poslu!itelji provode 
besposleni (eekajuti na zahtjev) je 

s - 1 s - 1 
s - k k 

E3 = L k!'~' Po = L (s - k)Ps (26) 

k = O k = O 

Zas=2,E3 =2p0 +p1 =2 · 0,196 +0,263 =0,655 dana(5,24 
sata). 

Vrijeme besposlenosti jednog poslu!itelja odredilo se kao 
~3/s. 

Odgovarajuce vrijednosti za model sustava s dvama i trima 
posluziteljima daju se u tablici 4. 

Nakon analize modela sustava za masovno posluzivanje s 
dvama i trima posluziteljima uoeava se iz tablice 4. da su 
posluzitelji premalo zaposleni. (To se moglo ocekivati bud uti da 
\f = 'J...IIl = 1,344, posebice za slucaj s tri posluzitelja). U prvom 
slucaju svaki je posluzitelj bio besposlen 32,7% (2,6 sati) radnog 
dana, eekajuti nazahtjev . u slucaju triju posluzitelja polovicu su 
radnog dana proveli besposleni. Analiza takoder pokazuje da u 
slucaju dva posluzitelja zahtjev (radnici) cekaju u prosjeku 1,47 
minute, dok ukupno izgubljeno vrijemeiznosi530 minutaili 8,83 
sata. U slucaju triju poslu!itelja zahtjev eeka samo 0,199 minuta 
i ukupno izgubljeno vrijeme iznosi samo 71,6 minutaili 1,19 sati 
dnevno. 

Nakon analize i odredivanj a va!nih pokazatelj azarad sustava 
mora se donijeti odluka o izboru optimalnog sustava za masovno 
posluzivanje. U svrhu donosenja odluke treba odrediti kriterije 
optimalnosti ill funkciju cilja. Ovdje se funkcija cilja odreduje 
kao 

m s 

Fe = L c/; + L ci = minimum (27) 

i = I j = I 

m 

gdje su L: ;;; troskovi koje uzrokuje cekanje na poslunvanje 

i = I 

s 

a L: c/i troskovi bruto plate skladistara. 

j = I 

Pod pretpostavkom dajedan sat cekanja vrijedi 1'5 DEM a 
da su srednji troskovi bruto plate skladistara 10 DEM po satu, 
funkcija cilja za pojedine slucajeve ima vrijednosti 

Fe (s = 2) = (8,83 · 15) + (2 · 8 · 10)"' 293 DEM 

Fc(s = 3)= (1,19 · 15) + (3 · 8 · 10)"' 258 DEM 
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Broj servisera 
Number of servicers lf 1f El E3 E/ s 

s 

2 1,472 530 1,106 0,655 0,327 

3 0,199 71,6 0,148 1,65 0,55 

Mathematical expectation for the idle time of the servicers 
(i.e . waiting for requests) is: 

s - 1 s - 1 
s - k k 

E3 = L k!'~' Po = L (s - k)Ps (26) 

k = O k = O 

For s = 2, E3 = 2p0 + p 1 = 2 · 0,196 + 0,263 = 0,655 days 
(5,24 hours) 

The idle time for one servicer is found as E3 1 s. The corre
sponding values for the model ofthe system with two or with three 
servicers is given in the Table 4. 

After analyzing MSS model with 2 and with 3 servicers it is 
evident from Table 4., that the servicers are under loaded (it was 
expected since \jf='J...IJl= 1,344,especially for case of3 servicers). 
In the first case every servicer 32,7% (2,6 hours) of the work day 
is idle, waiting for request. In the case of three servicers half of 
the work day they are idle. The analysis shows also that in the case 
of 2 servicers the request (workers) waits on average 1,47 mi
nutes, while the total time lost amounts 530 minutes or 8,83 hours. 
In the case of three servicers the requests waits onlyO, 199 minutes 
and the total lost time is only 71,6 min. or 1,19 hours per day. 

Following the analysis and after establishing important in
dicators of the system, a decision has to be made about optimal 
choice of the MSS. For decision making it is necessary to establish 
optimality criteria or the objective function. Here the objective 
function is defined as: 

m 

Fe = L c/; + L c/i = mJrumum (27) 

i = I j = I 

m 

where L: c;f; are expenses created by waiting for servicing, 

i = I 

s 

while L: c;J;. are expenses created by the gross wages servicer. 

j = I 

Assuming that one hour waiting is valued at 15 DEM, and that 
mean expenses of the gross wages servicer are valued at about 
10 DEM per hour, the objective function has the values for re
spective cases are: 

Fc(s = 2) = (8,83 · 15) + (2 · 8 · 10) "'293 DEM 

Fc(s = 3) = (1,19 · 15) + (3 · 8 · 10)"' 258 DEM 

Based on the previous calculation it is obvious that the best 
choice of the MSS for the store of repair workshop are three ser
vicers, which results in the least total daily expenses, without cal
culation of the lost time of servicer. 

5. CONCLUSION 

The analytical method described in this work was formulated 
according to the model of the opened MSS with unlimited flow 
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Utemeljeno na prethodnom proracunu ocito je daje najbo•Ji 
izbor sustava zamasovno posluzivanje za skladiste remontne ra
dionice onaj s trimaskladiStarima, sto uzrokuje najmanje ukupne 
dnevne troskove ne uzimajuci u obzir neradno vrijeme skla
distara. 

5. ZAKLJUCAK 

Analiticki postupak koji se opisuje u ovom radu formuliran 
je prema modelu otvorenog sustava za masovno poslu!ivanje 
neogranicena toka za koji zahtjevi sti!u sukladno Poissonovu za
konu distribucije i obradu ju se prema redoslijedu prispijeca. lako 
pretpostavke koje su dane u ovom modelu sustava za masovno 
poslu!ivanje sadrre nekaogranieenja, model se mo!e primijeniti 
u praksi za :tje5avanje nekih manje slorenih slucajeva. Metoda 
omogucuje da se pronade optimalno :tje8enje na jednostavan 
naein. Za rjesavanje slo!enijih slucajeva sustava za masovno 
poslu!ivanje valja uporabiti postupke racunalne simulacije ute
meljene na odgovarajucim matematickim modelima. 
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for which the requests arrive according to the Poisson's law of dis
tribution and are serviced in the order of arrival. Although the as
sumptions, made in this model ofMSS, contain some constraints, 
the model can be used in practical work for solving less intricate 
cases. The method makes it possible to fmd optimal solution in 
a simple way. For solving more intricate cases of MSS it is ne
cessary to use computer simulation methods based on the appro
priate mathematical model. 
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