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ANALIZA I OPTIMIZACIJA
REMONTNE RADIONICE
POMOCU ANALITICKE METODE

SAZETAK

Ureferatuje predocenaanalitickametodazaodredivanje op-
timalnog broja skladiStara u velikoj servisnoj radionici. Metoda
Je utemeljena na teoriji masovnog posluzivanja (TMP). Ukratko
su opisani koncepcija, osnovna nacela i ogranicenja ove teorije.
Na konkretnim primjerima sustava masovnog posluZivanja
(SMP) kreiran je odgovarajuéi matematicki model. Na temelju
matematickog modela odredene su i analizirane kvantitativne
znacajke razmatranih varijanata SMP. Na kraju, predoceni su i
razmotreni najvazniji kvantitativni pokazatelji, te osnovni para-
metri optimizacije i optimalni model SMP.

1. UVOD

Tijekom projektiranja ili pak rekonstrukcije proizvodnih ili
remontnih radionica esto ne postoji samo jedno alternativno
rjeSenje. Zadaca je projektanta pronai optimalno rjeSenje po-
laze¢i od nekih pokazatelja ekonomiénosti. SloZenost problema
primoralaje projektante dauporabe novimetodoloski pristup koji
se temelji na sustavnoj analizi kao postupku istraZivanja i
donoSenja odluka.

Jedan od znacajnijih oblika sustavne analize je operacijsko
istraZivanje. Klasi¢na zada¢a operacijskih istraZivanja je prob-
lem redova. Red nastaje kada neki subjekt koji se ima posluZiti
ili pak zahtjev stigne na mjesto posluZivanja koje je zauzeto
drugom uslugom koja se trenutaéno obavlja. Ako su poznate za-
konitosti dolaska subjekata (ili zahtjeva) i posluZivanja, red se ta-
da moZe matemati¢ki analizirati.

Analiti¢ki postupci za rjeSavanje takvih zadaa poznati su
podnazivom “teorijaredovaili “teorijamasovnog posluZivanja”.
Potonji se postupci temelje na teoriji vjerojatnosti i omoguéuju
analizu i ocjenu ’sustava masovnog posluZivanja’, odredivanje
karaktera reda i stupanj zadovoljavanja pristiglih zahtjeva za
posluZivanje u svezi s razli¢itim strukturama sustava. Istim'se
postupkom moZe odabrati optimalan model sustava.

U ovom se radu razmatra otvoreni model sustava zamasovno
posluZivanje neograni¢enog toka za koji zahtjevi za uslugu stiZu
prema Poissonovoj raspodijeli i obavljaju se prema redoslijedu
dolaska. Druga pretpostavka podrazumijeva da je raspodjela
posluZivanja priblizno eksponencijalna. Iako se €ini da je broj
pretpostavaka za ovaj model sustavamasovnog posluZivanja ve-
lik, on se moZe Siroko primijeniti u praksi i istodobno biti temelj
za proutavanje sloZenijih modela.
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ANALYSIS AND OPTIMIZATION
OF THE REPAIR WORKSHOPS BY
AN ANALYTICAL METHOD

SUMMARY

The paper presents an analytical method for determining op-
timal number of servicer in a big repair workshop. This method
is based on the theory of mass servicing (TMS). A short descrip-
tion of basic concept, principles and limitations of this theory is
given. The adequate mathematical model is created on the con-
crete examples of the mass servicing system (MSS). On the basis
of this mathematical model, the quantitative characteristics for
all variants of MSS are defined and analyzed. Finally, the most
important quantitative characteristics, basic parameters of the
optimization goals and an optimal solution for analyzed variants
are presented and discussed.

1. INTRODUCTION

In the process of design or reconstruction of production or re-
pair workshops often there is more than one alternative solution.
The task of the designer is to find optimal solution starting from
some economy indicators. The complexity of the problem forced
designers to apply new methodological approach which is based
on systematic analysis as amethod of research and decision mak-
ing.

One of the more important aspects of system analysis is
known as operations research. The classical task of operations re-
search is a problem of queue. The queue is initiated when anele-
ment to be serviced or arequest for work arrives at the work posi-
tion which is occupied by the other work in progress. If the law
of arrival of the elements for servicing (or requests for work) is
known and if order of operations and a time required for proces-
sing are known, then the queue can be analyzed mathematically.

Analytical methods for solving such tasks are known as ' The-
ory of Queues’ (TQ) or as a "Theory of Mass Servicing’ (TMS).
TMS methods are founded on probability theory and make pos-
sible the analysis and estimate of the "Mass servicing System’
(MSS), determining the character of the queue and show the level
of satisfying arrived servicing requests for different system struc-
tures. By the same method it is possible to select the optimal mo-
del.

In this work an opened model of MSS with unlimited flow
for which servicing requests arrive according to the Poisson’s dis-
tribution and are serviced in the order of arrival, is discussed. The
other assumption is that the distribution of servicing is appro-
ximately exponential. Although the number of assumptions for
the model MSS looks high, it was found that it can be applied in
practice and at the same time provide a basis for the study of more
sophisticated models.
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2. USTROJ SUSTAVA MASOVNOG
POSLUZIVANJA

Sustav masovnog posluZivanja podrazumijevaskup subjeka-
ta kojima se pruZa usluga, od kojih stiZe tok zahtjeva za davanje
usluga,iodsubjekatakojiobavljaju te usluge. Primjer takvog sus-
tava je npr. remontna radionica sa svim radnim mjestima i djelat-
nicima, zajedno sa skladiStem i skladiStarom koji posluZuje
djelatnike novim dijelovima. Svojstveno je sustavima ove vrste
da potraZnja za uslugom ne odgovara to€no kapacitetu pos-
luZivanja §to ima za posljedicu s jedne strane stvaranje redovaili
pak s druge strane besposlenost. Kao $to je ve¢ ranije spomenuto
u ovome radu, razmatrat ée se otvoreni sustav s jednostavnim
tokom zahtjeva. Zna€ajke tog sustava su stacionarnost, jed-
nostavnost i neovisnost [1].

Stacionarnost pretpostavlja tok zahtjeva koji ne pokazuje
promjenu srednjeg broja zahtjeva s vremenom.

Jednostavnost toka znaci da je vjerojatnost prispijeca viSe od
jednog zahtjeva u isto doba bezgrani¢no mala.

Neovisnost toka zna¢i da vjerojatnost prispijeca veceg broja
zahtjeva u nekom vremenskom razmaku ne ovisi o broju zahtjeva
koji su prispjeli u sustav prije tog razdoblja.

Tok zahtjevakoji posjeduje sve spomenute zna¢ajke moZe se
kvantitativno opisati Poissonovom zakonito§¢u raspodjele [1],
[2], ako je poznat parametar tokatj. srednji broj zahtjevau jedinici
vremena:

) k

Fall, ™ g
gdje je Py (1) vjerojatnost da u vremenskom razdoblju O - t stiZze
k zahtjeva za uslugom i gdje je k diskretna (nije kontinuirana)
sludajna varijabla, A je srednji broj zahtjeva u jedinici vremena.
Ako se zna Py (t) zak = 1, 2, 3,...., vjerojatnost da u vremenu ¢
ne stigne vise od n zahtjeva, moZe se odrediti iz

k=0,1,2,..) (1)

n
P(ksn) = Y P,(1) : ¥))
k=0
Druga vaZna posljedica Poissonova toka je da ako t pred-
stavlja slu€ajnu varijablu za vremensko razdoblje izmedu sus-
jednog prispijeéa zahtjeva za uslugom, koji slijede jedan za
drugim, tada se ¢ raspodjeljuje sukladno eksponencijalnoj dis-
tribuciji s parametrom A ¢, §to ima funkciju gustoée raspodjele:

S(1) = ke 3

Analiti¢ki postupci teorije masovnog posluZivanja namecu
izvjesnaogranifenjaizazakonitosti raspodjele posluZivanja, ko-
ja bitakoder morala imati eksponencijalnu distribuciju (ilijoj pak
biti vrloblizu), s funkcijom gustoée vjerojatnosti kako je dano[1]:

[ = pe™ @
gdje je u parametar posluZivanja (tj. broj obavljenih usluga u je-
dinici vremena).

Ako posluZivanje imaeksponencijalnu distribuciju proizlazi
da je srednja gustota posluZivanja p - broj usluga u jedinici vre-
mena. Srednje vrijeme posluZivanja moZe se interpretirati kao
srednjavrijednost varijable t. Temeljem (4) proizlazidaje srednje
vrijeme posluZivanja 1/p. Vjerojatnost da ée vrijeme posluZiva-
nja biti jednako t ili iznad, daje se kao:

—At

P(t21) =e'® )

2. STRUCTURE OF THE MASS
SERVICING SYSTEM (MSS)

MSS assumes the complex of objects being serviced, from
which a stream of requests for servicing arrives, and of the object
whichthatservicing perform. Example of thatsystemise.g. re pair
workshop with all work places and workers together with store
and servicer, which service those workers with renewal parts. It
is typical for systems of that kind that demand for servicing does
not match exactly the inflow of requests which as a consequence
produces queuing on one side or idleness on the other. As men-
tioned earlier in this work an opened system with a simple flow
of requests will be treated. Characteristics of that system is sta-
tionarity, ordinarity and independence [1].

Stationarity - assumes the flow of requests which does not
change it's mean number of requests with time.

Ordinarity - of flow means that the probability or arrival of
more than one request at the same instant is infinitely small.

Independence - of the flow means that the probability of the
arrival of a number of requests in any interval of time does not
depend on the number of requests that arrived in the system before
that interval.

The flow of requests that has all mentioned characteristics
may be quantitatively described by the Poisson’s law of distri-
bution[1],[2],if a parameterof flow (i.e. mean numberofrequests
per-time unit) is known,

) k

5 Malorar . e
where: Py (t)is the probability thatin the period of time O - rarrives
k requests for servicing and where k is a discreet (non continous)
random variable; 4 is mean number of requests per time unit.
Knowing P, (t) for k = 1, 2, 3,..., the probability that in the time
t does not arrive more than n requests, may be found from:

k=012,..) 1

P(ksnm) = > P.(D) @
k=0

The other important consequence of the Poisson flow is, that
if t represents a random variable for the time between successive
arrivals of requests for servicing, which follow one afterthe other,
than tis distributed according to the exponential distribution with
parameter A ¢, with the function of the density of distribution:

S = re™ 3

The analytical methods of the theory of mass servicing put
certain constraints to the law of distribution of servicing, which
should have exponential distribution too (or very close to it), with
the function of the density of probability given as [1]:

S0 = pe™ @
where y - is the parameter of servicing (i.e. number of performed
services per time unit).

If the servicing has an exponential distribution it follows that
the mean density of servicing is p - a number of servicings per
time unit. The mean time of servicing may be interpreted as a
mean value of the variable t. From (4) it follows that the mean time
of servicing is I/p. The probability that the time for servicing
equals ¢ or more, is given as.

P(t21y) = M (5)
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Analogija izmedu toka zahtjeva prema Poissonovoj dis-
tribucijii posluZivanje prema eksponencijalnoj zakonitosti moZe
se interpretirati kako slijedi.

Ako je k broj moguéih usluga u vremenu ¢, tj. broj zahtjeva
koji se mogu prihvatitiu vremenu ¢, ako mjestaza pruZanje usluga
neprestano rade, tada k slijedi Poissonovu distribuciju s paramet-
rom i t:

k —ut

(po) e
T

P() = ©)

Da bi se provjerilo da li empirijski podaci za tok zahtjeva i
posluZivanje slijede Poissonovu odnosno eksponencijalnu dis-
tribuciju, moZe provesti test 72, ili Poissonov indeks disperzije
kodmalog brojapodataka [2]. Dabi se zorno predstavila primjena
ovog postupka dat ée se neki primjeri. Podaci o sustavu odredit
e sejednostavnimizrazimakoji sadrZze: matematicko ofekivanje
srednjeg broja zahtjeva u redu, srednje vrijeme zahtjeva to eka-
ju uslugu, srednje vrijeme koje skladiStar provodi besposlen, itd.

3. MODEL SUSTAVA ZA MASOVNO
POSLUZIVANJE S JEDNIM
POSLUZITELJEM

Za razliku od zatvorenog modela sustava za masovno
posluZivanje ogranienog toka [3], ovdje €e se razmatrati otvore-
ni model neogranifenog toka. Takav model omoguéuje izvjesno
pojednostavnjenje matemati¢kog modela, pa se taj postupak
moZe uporabiti kada je broj zahtjeva za uslugom vrlo visok [4].
Primjer takvog toka je tok djelatnika radionice prema skladiStu
za nove dijelove.

Primjer koji se analizira je velika remontna radionica koju
posluZuje jedan skladiStar. Pri normalnom radnom optereéenju
remontne radionice, na temelju empirijskih podataka, tijekom
radnog sata u prosjeku stigne 15 zahtjeva (radnika) za posluZiva-
nje, tj. A = 15 (ili 0,25/min). SkladiStar u prosjeku posluZi 33,5
zahtjeva u jednom satu, tj. p = 33,5 (ili 0,558/min.). Srednje vri-
jeme posluZivanja je 1/ = 1,79 minuta. Na temelju teorije ma-
sovnog posluZivanja [1], poznato je da kod sustava masovnog
posluZivanja neograniéenog toka zahtjeva red nece beskonaéno
rasti samo ako je

v = ESs ©)

gdje je s broj posluZitelja.
A 0.25
U naSem primjeru: y = 0338 0448<s = 1

Vjerojatnost da ne postoji nikakav zahtjev za uslugom u sus-
tavu za masovno posluZivanje, tj. vjerojatnost da su svi pristigli
zahtjevi (radnici) bili posluZeni i da nema onih koji éekaju, defi-
nira se kao

Py =1-vy . (8)
Py = 1-0.448 = 0.552

Vijerojatnost da postoji k zahtjeva u sustavu za masovno
posluZivanje moZe se izrafunati prema rekurzivnom izrazu [4]:

Py = VWPp_1s Py = VPy: P, = V¥p, itd 9

_ k k
liip, =wp, =y (1-vy)

Pr T VP

The analogy between flow of requests according to the Pois-
son’s distribution and servicing according to the exponential law,
may be interpreted as:

If k is the number of possible servicings in time ¢, i.e. the num-
ber of requests which could be serviced in time ¢ if the places of
servicing is working continuously, then k follows the Poisson’s
distribution with parameter u t:

k t
(uo) e ™

Pty = -5 ©

To check weather the empirical data for the flow of requests
follow Poisson’s or exponential distribution, a 72 test may be per-
formed if theoretical frequencies or Poisson’s dispersion index,
can be found from a small number of data [2].

In order to demonstrate application of the method some ex-
amples will be shown. Information about the system are to be
found by the simple formulae comprising: mathematical expec-
tation of the mean number of requests in the queue, mean time
of the request weighting for servicing, mean idle time of the ser-
vicer, e.t.c.

3. MSS MODEL WITH ONE SERVICER

As a difference to the closed MSS model with limited flow
[3], here the open model with unlimited flow will be reviewed.
Such model makes possible certain simplification of the math-
ematical model and it is possible to apply the method when the
number of requests for servicing may be very high [4]. The ex-
ample of such flow is a flow workshop workers to the store for
renewal parts.

As an example to be analyzed, a big repair workshop with
store served by one servicer. With normal work load of the repair
workshop, on the bases empirical data through the work hour on
average 15 requests (workers) for servicing arrive, i.e. A =15 (or
0,25/min). The store servicer on average serves 33,5 requests
through the one hour, i.e. p =33,5 (or 0,558/min). The mean time
of servicing is V/p = 1,79 minutes. From the theory of mass ser-
vicing [1]itis known that for MSS with unlimited flow of requests
the queue will not grow to infinity only in the case when:

A
= -< i/
B S8 N
where s is the number of servicers.
0.25

In the example: y = 0358 0448<s = 1

The probability that there is no request for servicing in the
MSS, i.e. the probability that all requests (workers) arrived were
serviced and that there are no requests weighting, is defined as:

Po ili=ay (8)
Py = 1-0.448 = 0.552

The probability that there are k requests in the MSS may be
calculated form a recursive formula [4]:

Py = WPy Py < Wp, et &)

k k
orp, = Yp, =y (1-y)
The probabilities p;, that there are from O to 10 requests in
any moment in the system, are given in the Table 1.
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Tablica 1
Table 1

PO Pl P2 P3 P4

P6 P7 P8 P9 P10

0,552 0,247 0,110 0,049 0,022

0,009

0,004 0,002 | 0,0009 | 0,0004 | 0,00018

Vjerojatnosti p;, da postoji od 0 do 10 zahtjeva u bilo kojem
trenutku u sustavu daju se u tablici 1.

Vjerojatnost da je broj zahtjeva k manji od n, daje se prema

n
P(k<n) = Zpk =1l-y
k=0

Vjerojatnost da je broj zahtjeva u sustavu za masovno

posluZivanje k veéiod n je

n+1

(10)

+

plk>n) =y (1)

U primjeru kada je tok neogranifen, vjerojatnost da postoji
vise od jednog zahtjeva u sustavu za masovno posluZivanje (koji
su u tijeku, obradbe ili &ekaju) je: P(k>1) = 0,448 = 0,20; za vise
od2zahtjeva: P(k>2)= 0,09, zavise od 3 zahtjeva: P(k>3)= 0,04,
azavise od 5 zahtjeva: P(k > 5) = 0,008. Opéenito, vjerojatnost
da tijekom vremenskog razdoblja t prispije k zahtjeva (radnika)
za pruZanje usluge je prema [1]

k
(M)~
P iz (l) - Te
Proizlazi da se vjerojatnost zak > At izuzetno brzo smanjuje,
jer vrijednost nazivnikak raste brze od vrijednosti brojnika (4 t%.
Matematicko ofekivanje za srednji broj zahtjeva koji éekaju

12)

je
2 2
A v
E = = = 13
1 p(p—-% T-y (13
Za nas primjer to daje
2
0.448

Matematickooéekivanje glede brojazahtjeva (radnika) u sus-
tavu zamasovno posluZivanje (kojisu u tijeku obradbe ili Eekaju):

_ A _ v
ST TS a4
0448
B~ v=pam =~ 98

Matemati¢ko olekivanje da je posluZitelj besposlen je
By =y = Ty (15)
E; = 1-0448 = 0.552

Srednje vrijeme &ekanjazahtjeva(radnika) na posluZivanje je

E
R SRS B (16)
S op(l-y) pp-2) p
U naSem primjeru to je

- 0.448 :
tf— 03358 (1-0448) 1.45 min

Vjerojatnost&ekanja zahtjeva (radnika) naposluZivanje dulje
odtje

P = ye~W (17

The probability that the number of requests is & less than n,
is given by:

n
P(ksn) = Y p=1-y""" (10)
k=0
The probability that number of requests in MSS is k greater
then n is:

+7

plk>n) =y an

In the example where the flow is unlimited, the probability
that there are more than 1 requests in the MSS (being serviced and
weighting) is: P(k > 1) = 0,448’ = 0,20; for more than 2 requests:
P(k> 2)= 0,09, more than 3: P(k>3)=0,04; and more than 5: P(k
> 5) = 0,008. Generally, the probability that during the period of
time ¢ arrives k requests (workers) for servicing is, according to

(1):

k
P () = (—x’:,l-e M
It follows that the probability for k> At decreases rapidly, be-
cause the denominator k! increase in value faster than the nomi-
nator (4 t)f.
Mathematical expectation for the mean number of requests
weighting is:

(12)

;\'2 \VZ
P T = — 13
1 p(p-%) T-wy (13)
For the example it gives:
0.448
El - m = 0.363

Mathematical expectation of the number of requests (work-
ers) in the MSS (being serviced and weighting):

Lo

e Sl e (14)
0.448

E2 = r—oams = 08

Mathematical expectation that the servicer is idle is:
E3=Po=1_\V (15)
E; = 1-0448 = 0.552

Mean time waiting for request for servicing is:
el ol . (16)
S p(l-w) pE-2) p

In the example it is:
= 0.448

= 0358 (1 = 0448) = 1.45 min.

The probability of waiting for request (workers) for servicing
longer than ¢ is:

-He(1-y)

P(>1t) = ye an
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Zanas primjer vjerojatnost Eekanja na zahtjeve daje se u ta-
blici 2. Analiza podataka iz tablice pokazuje da postoji 24,19%
zahtjeva koji Eekaju na uslugu dulje od dvije minute i samo 9,6%
onih koji éekaju dulje od pet minuta.

Tablica 2.
Table 2.
Vjerojatnost Eekanja duZe od:
Probability of waiting longer than:
dvije minute tri minute pet minuta
two minutes | three minutes | five minutes
0.2419 0.1778 “ 0.096

Iz analiziranog primjera moZe se zaklju€iti da je posluZitelj
neiskoristen, buduéi da je besposlen, dok ¢eka na zahtjev za
posluZivanje 0,55 radnog vremena. Za radni dan to je 4,4 sata.

Ako se uzme u obzir neko poveéanje kapacitetaremontne ra-
dionice postojeci bi sustav za masovno posluZivanje bio nep-
rimjeren. U sljedeéem primjeru pove€at e se parametar ulaznog
toka trostruko tako da je novi A = 0,75. Srednje vrijeme pos-
luZivanja i odgovarajuéi p = 0,558 ostaju nepromijenjeni. Prema
teoriji masovnog posluZivanja, sustav neograni¢enog toka gdje

A 075

~ 5 oI T

moZe biti racionalan samo s dvama posluZiteljima, jer za neog-
rani¢en tok zahtjeva (radnika) i za viSe od jednog posluZitelja, red
neée beskona¢no narasti samo akoje A/pu< 1,tj. A/pus<1... Analiza

sustava za masovno posluZivanje remontne radionice s dvama i
trima posluZiteljima prikazana je u sljede¢em poglavlju.

4. ANALIZA SUSTAVA ZA MASOVNO
POSLUZIVANJE S DVAMA I TRIMA
POSLUZITELJIMA

Temeljni parametri sustavaza masovno posluZivanje u ovom
su slu¢aju

A=075;1=0558; ¥ =1,344;8=2is=3
Vjerojatnost da ima k zahtjeva u sustavu (koji su u obradbi
ili Cekaju) je

k
Py = Pojr 72 15k<s (18)
k
P = po-'-“-,": za k2s (19)
RiRy

Vjerojatnost da nema zahtjeva daje se izrazom

For the example the probability of waiting for requests are
givenin the Table 2. The analysis of the data from the table shows
that there are 24,19% requests waiting to be serviced for longer
than two minutes and only 9,6% longer than five minutes.

From the analysis example it may be concluded that the ser-
vicer is unutilized, because itis idle, weighting for request for ser-
vicing 0,55 of the work time. For work day it is 4,4 hours.

Taking into account that some increase of capacity of repair
workshop, the existing MSS would be inadequate. In the next ex-
ample the parameter of the input flow will be increased 3 times
so that new A = 0,75. Mean servicing time and corresponding
p = 0,558 remain unchanged. According to TMS, the system
with unlimited flow where:

A 0.75
\v_ﬁ—m"‘ 1344,

may be rational only with two servicers, because for the unlimited
flow of requests (workers) and for more than one servicers, the
queue willnot grow to infinity onlyif A/u<1,i.e. A/pus<1. The MSS
analysis of the repair workshop with two and three servicer is
demonstrated in the next chapter.

4. ANALYSIS OF THE MSS WITH
TWO AND THREE SERVICERS

Basic parameters of the MSS in this case are:
A=0,75; p=0,558; ¥ =1,344; s =2,5=3.

The probability that there are k requests in the system (being
serviced or waiting) is:

= po%k for 1<k<s (18)
k
P, = posTs‘y;—_s for k>s (19)
The probability that there are no requests is given by:
[ ¥ mduy s+17
Po = _’EO%' TG —'_\v)] 29

In the case of s = 2 the probability is:

1344 1344°

A R .

L

. 1.344°
3(2-134)

and in the case of s=3 the probability is:
Py = 0.251

-1
] = 0196,

The values of the probability p, that there are krequests in the
MSS are given in Table 3.

Tablica 3.
Table 3.
Broj servisera
Number of servicers PO P1 P2 P3 P4 P5 s P10
s .
2 0,196 0,263 0,177 0,119 0,080 0,054 0,0074
3 0,251 0,237 0,226 0,101 0,045 0,020 0,0004
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(‘ Wk ot o
Po = Z7rT+.s'!(s—\|t)
Lk=0

(20)

U sluéaju da je s = 2, vjerojatnost je

[o1344 134" 1344° ]"
E 1 2 2(2-1344)
a u slu¢aju da je s = 3 vjerojatnost je

P, = 0.251

Po = 0.196

Vrijednosti vjerojatnosti pk da ima k zahtjeva u sustavu za
masovno posluZivanje daju se u tablici 3.

Vjerojatnost dasu u trenutku stizanjasljedeceg zahtjeva (rad-
nika) svi posluZitelji zaposleni posluZivanjem prethodno pristig-
lih zahtjeva (radnika) podvrgnut ée se analizi.

Op¢enito gledano pri s posluZitelja vjerojatnost da novi
zahtjev mora ekati jednaka je vjerojatnosti da postoji barem s
zahtjeva u sustavu u tom trenutku. Vjerojatnost je prema izrazu

o«
P(kzs) == 3 p =
k=s

B v'p
e ey @
k=s .
Zas=2,10je
2
il 1'?;‘1!1(:5.(3'11?;544) b
azas=3,
IT = 0,1838.

Prema teoriji masovnog posluZivanja funkcija distribucije
vremena ¢ekanja zahtjeva je
P>t = ) P e

gdje je y vrijeme ¢ekanja na posluZivanje
Zas=2,p=0,558; L =0,75 iy > 1 vjerojatnost je

(22)

—(2-0.558-0.75) 1

P(y>1) = 0.53%¢ = 0379
azas=3
P(y>1) = 00729

Na temelju (22) mogu se odrediti drugi kvantitativni podaci.
Posebno je zanimljivo matematifko ofekivanje vremena &ekanja
na pocetak posluZivanja, tj. srednje vrijeme &ekanja:

= IT
lf = m}_—wy (23)

Zas=2

Odgovarajuée vrijednosti za na$ primjer sas = 21is =3 dane
su u tablici 4.

Kona&no, moZe se izradunati srednje vrijeme koje zahtjevi
(radnici) gube &ekaju€i a koji su stigli u svrhu posluZivanja
tijekom vremena 7.

Tijekom vremena T u prosjeku stigne AT zahtjeva (radnika)
tako da je njihovo ukupno vrijeme &ekanja

The probability that at the moment of the arrival of the next
request (worker) all servicers are occupied by servicing previ-
ously arrived requests (workers) will be analyzed.

Generally with s servicers the probability that new request
must wait isequal to the probability that there are atleast srequests
in the system at that moment. That probability is according to for-
mula (19):

Pikza) = 11 *% 3

k=
- > ¥rers ¥p
PN CIERPEREL SR 8

5
S
st

Poris=2, itis:

2
1.344° . 0.196
= G113 . 008,
and fors = 3,
IT = 0,1838.

According to the TMS the function of the distribution of the
waiting time of the request is:

P(y>t) = e “*~M!

where v is the time of waiting for servicing.
Fors =2, p =0,558, A = 0,75 and y > 1, the probability is:

(22)

Py>1) = 0539, 21935807}

and for s =3,
P(y> 1)ae10,0729

Based on(22)otherquantitative datamay be found. Of special
interest is the mathematical expectation of the time of waiting for
the beginning of servicing i.e. mean waiting time:
- IT
T CE)

Fors = 2:

n 0.539 :
Y= oS-Iy~ 1472 min.

Corresponding values for the example with s =2 and s = 3
is given in Table 4.

Mean lost time of the request (worker) while waiting and
which arrived for servicing during the time 7', may be calculated.
During the time 7, on average A T requests (workers) arrive, so
their total waiting time is:

=10.379%

(23)

Tf = ).?,T = %T (24)

For y = 1,344, s =2 and T = 1 day = 480 min, T; = 529 min
.1.e. 8,83 hours.

Corresponding values of the total waiting time T7in the case
of s =2 and s = 3 are given in the Table 4.

Mathematical expectation of the mean number of requests in
a queue may be determined by:

vy
B.- P
1 2
sil—yj :
s

Corresponding values of the mean number of requests (work-
ers) in the queue for s = 2 and s = 3 are given in the Table 4.

(25)
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& jIt3
Tf - ;“JT = \yT

Za ¥=1,344; s=2iT= 1 dan = 480 min, Ty = 529 min {j.
8,83 sata.

Odgovarajuée vrijednosti ukupnog vremena ¢ekanja T/ u
slu¢aju kad je s =2 i s = 3 daju se u tablici 4.

Matematitko ofekivanje srednjeg brojazahtjevauredu moZe
se odrediti pomoc¢u

24y

(25)

Odgovarajuée vrijednosti srednjeg broja zahtjeva (radnika)
uredu zas =2 is =3 daju se u tablici 4.

Matemati¢ko ogekivanje za vrijeme koje posluZitelji provode
besposleni (ekajuéi na zahtjev) je

s-1

s-1
E,=Y ’—Fk\y"Po = Y (s-hP,
k=0 k=0

Zas=2,E,=2py+p,=2-0,196 +0,263 =0,655 dana (5,24
sata).

Vrijeme besposlenosti jednog posluZitelja odredilo se kao
£3/5s.

Odgovarajuée vrijednosti za model sustava s dvama i trima
posluZiteljima daju se u tablici 4.

Nakon analize modela sustava za masovno posluZivanje s
dvama i trima posluZiteljima uofava se iz tablice 4. da su
posluZitelji premalo zaposleni. (To se moglo o&ekivati buduéi da
W = Mu = 1,344, posebice za slu€aj s tri posluZitelja). U prvom
slu€aju svaki je posluZitelj bio besposlen 32,7% (2,6 sati) radnog
dana, éekajuéina zahtjev. U sluéaju triju posluZitelja polovicu su
radnog dana proveli besposleni. Analiza takoder pokazuje da u
sluaju dva posluZitelja zahtjev (radnici) Eekaju u prosjeku 1,47
minute, dok ukupno izgubljeno vrijeme iznosi 530 minutaili 8,83
sata. U slu€aju triju posluZitelja zahtjev ¢eka samo 0,199 minuta
iukupno izgubljeno vrijeme iznosisamo 71,6 minutaili 1,19 sati
dnevno.

NakonanalizeiodredivanjavaZnih pokazateljazarad sustava
mora se donijeti odluka o izboru optimalnog sustava za masovno
posluZivanje. U svrhu donoSenja odluke treba odrediti kriterije
optimalnosti ili funkciju cilja. Ovdje se funkcija cilja odreduje

(26)

m F
F = Z ;:+ Z ‘_T_; = minimum 27

gdiesu Y c.f; troskovi koje uzrokuje Eekanje na posluZivanje
i=1

5

ay ¢, wolkovi bruto plate skladistara.
j=1
Pod pretpostavkom da jedan sat éekanja vrijedi I5 DEM a
da su srednji troskovi bruto plate skladi¥tara 10 DEM po satu,
funkcija cilja za pojedine slu¢ajeve ima vrijednosti
F.(s=2)=(883-15)+(2- 8- 10)~ 293 DEM
F.(s=3)=(1,19-15)+ (3 - 8 - 10) ~ 258 DEM

Tablica 4.
Table 4.

Broj servisera u
Number of servicers tf
s -

2 1,472 530
3 0,199 | 71,6

7_‘f E, E, |Ey/s

1,106 | 0,655 | 0,327
0,148 | 1,65 0,55

Mathematical expectation for the idle time of the servicers
(i.e. waiting for requests) is:

s-1 s-1

E, =Y ik!—"w"Po = Y (s-kP,
k=0 k=0

Fors=2,E;=2py+p;=2-0,196 + 0,263 = 0,655 days
(5,24 hours)

The idle time for one servicer is found as E;/ s. The corre-
sponding values for the model of the system with two or with three
servicers is given in the Table 4.

After analyzing MSS model with 2 and with 3 servicers it is
evident from Table 4., that the servicers are under loaded (it was
expected since y=A/p= 1,344, especially for case of 3 servicers).
In the first case every servicer 32,7% (2,6 hours) of the work day
is idle, waiting for request. In the case of three servicers half of
the work day they are idle. The analysis shows also thatinthe case
of 2 servicers the request (workers) waits on average 1,47 mi-
nutes, while the total time lost amounts 530 minutes or 8,83 hours.
Inthe case of three servicers the requests waitsonly 0,199 minutes
and the total lost time is only 71,6 min. or 1,19 hours per day.

Following the analysis and after establishing important in-
dicators of the system, a decision has to be made about optimal
choice of the MSS. Fordecision making it is necessary toestablish
optimality criteria or the objective function. Here the objective
function is defined as:

(26)

m s
F, = ZEJ;*’ Zc_ﬁ = minimum 27
i=1 j=1
m

where ) ¢f, are expenses created by waiting for servicing,
i=1

s

while Z F)f; are expenses created by the gross wages servicer.
j=1
Assuming that one hour waiting is valued at 15 DEM, and that
mean expenses of the gross wages servicer are valued at about
10 DEM per hour, the objective function has the values for re-
spective cases are:

F.(s=2)=(8,83-15)+(2-8:10)~293 DEM
F,.(s=3)=(1,19-15)+ (3-8 - 10) ~ 258 DEM

Based on the previous calculation it is obvious that the best
choice of the MSS for the store of repair workshop are three ser-

vicers, which results in the least total daily expenses, without cal-
culation of the lost time of servicer.

5. CONCLUSION

The analytical method described in this work was formulated
according to the model of the opened MSS with unlimited flow
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Utemeljeno na prethodnom proraunu oéito je da je najbouji
izbor sustava za masovno posluZivanje za skladiste remontne ra-
dionice onaj s trima skladiStarima, $to uzrokuje najmanje ukupne
dnevne troSkove ne uzimajuéi u obzir neradno vrijeme skla-
diStara.

5. ZAKLJUCAK

Analiti¢ki postupak koji se opisuje u ovom radu formuliran
je prema modelu otvorenog sustava za masovno posluZivanje
neogranifena toka za koji zahtjevi stizu sukladno Poissonovu za-
konu distribucije i obraduju se premaredoslijedu prispije¢a. Iako
pretpostavke koje su dane u ovom modelu sustava za masovno
posluZivanje sadrZe neka ograni¢enja, model se moZe primijeniti
u praksi za rjeSavanje nekih manje sloZenih slu¢ajeva. Metoda
omoguéuje da se pronade optimalno rjeSenje na jednostavan
nafin. Za rjeSavanje sloZenijih slu€ajeva sustava za masovno
posluZivanje valja uporabiti postupke ratunalne simulacije ute-
meljene na odgovarajuéim matemati¢kim modelima.
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for which the requests arrive according to the Poisson’s law of dis-
tribution and are serviced in the order of arrival. Although the as-
sumptions, made in this model of MSS, contain some constraints,
the model can be used in practical work for solving less intricate
cases. The method makes it possible to find optimal solution in
a simple way. For solving more intricate cases of MSS it is ne-
cessary to use computer simulation methods based on the appro-
priate mathematical model.
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