
ABSTRACT

This paper proposes a mathematical model to regulate 
the acceleration (deceleration) applied by self-driving ve-
hicles in car-following situations. A virtual environment is 
designed to test the model in different circumstances: (1) 
the followers decelerate in time if the leader decelerates, 
considering a time delay of up to 5 s to refresh data (vehicles 
position coordinates) required by the model, (2) with the in-
tention of optimizing space, the vehicles are grouped in pla-
toons, where 3 s of time delay (to update data) is supported 
if the vehicles have a centre-to-centre spacing of 20 m and a 
time delay of 1 s is supported at a spacing of 6 m (consider-
ing a maximum speed of 20 m/s in both cases), and (3) an 
algorithm is presented to manage the vehicles’ priority at a 
traffic intersection, where the model regulates the vehicles’ 
acceleration (deceleration) and a balance in the number of 
vehicles passing from each side is achieved.
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1.  INTRODUCTION
The goal of this paper is to report a car-following 

model that gradually accelerates (decelerates) while 
maintaining safe conditions and at the same time 
supports time delays when refreshing the vehicles’ 
position coordinates, that is, the data required by the 
model. In the ideal case no delay is present, as in [1], 
where two heavy-duty vehicles in motion (with iden-
tical braking capabilities) can maintain a minimum 
distance of 1.2 m. Besides, if there are no delays in 
the feedback system and optimal controls are used in 
the system design, then the following factors make it 
possible to determine the minimum relative distance: 
velocity, relative velocity, and vehicle characteristics. 

Another factor (if human behaviour is considered) is 
the time required by the driver to react (the analogy 
is the time delay of an autonomous system). In [2], 
a basic Intelligent Vehicle/Highway System (IVHS) is 
proposed. It is assumed that organizing the traffic in 
platoons will increase the highway capacity; however, 
if the distance between the vehicles in the platoon is 1 
m and considering the human delay of 0.25 to 1.2 s, 
it is concluded that the deceleration control of the ve-
hicle should be automatic (to decelerate immediate-
ly) and the variables of the vehicle in front must be 
sensed. The work presented in [3] uses a time cycle of 
0.1 s for data transmission and has a similar intention 
to the present work. Therefore, we focus on developing 
a model capable of regulating the vehicles’ motion (in 
car-following) when data are refreshed in time periods 
≥1 s.

There are works that design procedures to decel-
erate vehicles without considering the time at which 
the model should be updated to avoid conflicts (as 
collisions) and maintain the desired behaviour. In [4], 
a deceleration model is introduced, with a polynomi-
al model being proposed for cars and a dual regime 
model for other vehicles. Other works focus on human 
behaviour. In [5], the discomfort caused by longitudi-
nal deceleration is approached and a braking comfort 
model is introduced to be used in car-following situ-
ations. The model is implemented according to the 
relation between the vehicle deceleration and the 
passenger comfort levels. In [6], the velocity, time gap, 
deceleration, and braking system response were the 
variables selected that influence the follower’s brak-
ing response time, and it was found that the time gap 
has the greatest influence, with response times of 
1.34, 1.67, and 2.23 s for time gaps of 1, 2, and 3 s,  
respectively. Then, if the objective is to imitate human 
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should pass the intersection, the vehicles approach-
ing from each direction have been compared (the 
variables involved are the distance to the intersection, 
braking distance, current speed, and deceleration ca-
pacity). 

The paper is organized as follows: Section 2 pro-
vides the model and describes the intersection scenar-
io and the intersection algorithm. Section 3 explains 
the simulations. Section 4 presents the conclusions. 

2. METHOD

2.1 Acceleration (Deceleration) model

The model to set the acceleration (ra) or decelera-
tion (rd) of a vehicle is presented in Equation 1:

( )

( )

r ds m

r ds
d m

d1

1

a a

d d

=

= -

-
 (1)

The maximum acceleration and deceleration are 
ma=2 m/s2 and md=-4 m/s2, respectively (around the 
typical maximum values [18]). The distance ds [19] is 
the one in which a vehicle will stop if it applies a con-
stant deceleration (dm) at the current speed (v); d is 
the Euclidian distance (from the vehicles centre) be-
tween the leader’s position (xl, yl) and the follower’s 
position (xf, yf) minus the expected distance between 
the vehicles (de); for example, setting de=10 m, the 
centre-to-centre distance between two vehicles will be 
10 m when d=0 (with a vehicle length of 4 m, there 
will be a distance of 6 m between the back of the lead-
ing vehicle and the front of the following vehicle). Dis-
tances ds and d are expressed by Equations 2 and 3, 
respectively. 

ds d
v

2 m

2

$= -  (2)

d x x y y df l f l e
2 2= - + - -^ ^h h  (3)

In addition, a rule is introduced: if d<0, then d=0. 
This rule keeps the follower braking at md if the Eu-
clidian distance is less than de between the follower 
and the leader. The need to decelerate occurs when 
d<ds. From Equation 1, with 1-(d⁄ds), we regulate the 
amount of md that is applied to decelerate a vehicle; 
for example, if ds=d then 1-(d⁄ds)=0 and no action is 
required, if ds doubles the value of d then 1-(d⁄ds)=0.5, 
and this last value increases as d⁄ds decreases. From 
Equation 2, we select dm=-1 m/s2 and test the model 
behaviour with different values of md (see Section 3.1). 
From Equation 3, (xf, yf) and (xl, yl) are the position co-
ordinates of the follower and the leader, respectively. 
A vehicle accelerates (ra) or decelerates (rd) according 
to Equation 4: 

behaviour with a model (under certain conditions, e.g. 
with specific values of the variables considered in [6]), 
it must support (at least) the maximum response time 
required (by humans) to initiate the vehicle deceler-
ation. In [7], a headway threshold was considered to 
choose between free flow and a car-following regime; 
the former was modelled considering a random term 
(associated with the follower acceleration at time t), 
the stimulus (relative speed between leader and fol-
lower at time t-x), and the sensitivity (a function of the 
follower speed, space headway, and traffic density at 
t-px), where t is the current time, x is the driver reac-
tion time, and p is used to regulate the delay. If p=1, 
lag for sensitivity and stimulus are equal. If p<1, the 
delay for the sensitivity is less than the one for the 
stimulus and it also means that the driver is updating 
their perception of the environment during the acceler-
ation (deceleration) manoeuvre.

We found in literature that with simulations differ-
ent traffic situations are represented. In [8], an experi-
mental platform that integrates a Traffic Simulator with 
Multiple Driving Simulators (TSMDS) is developed, al-
lowing the simulation of special driving behaviour un-
der realistic traffic conditions. Traffic situations involv-
ing autonomous driving are also approached through 
simulations. In [9], steering behaviours to control the 
vehicle’s motion in a virtual environment are pre-
sented, the vehicle’s motion is controlled by different 
behaviours, each responsible for a driving task. The 
collision avoidance problem is also considered with 
simulations. In [10], collision avoidance through a ve-
locity correction control law is introduced. In [11], pur-
suit-evasion games to avoid collisions are analysed.

One of the scenarios considered to test our mod-
el was an intersection as shown in [12, 13, 14, 15]. 
Therefore, an algorithm has been developed which 
focuses on allowing equal traffic flow from each side 
of the entries. A common approach used to control 
traffic at intersections is to represent the vehicles as 
agents. In [16], the priority relations (defined in the 
Highway Code) are considered at intersections, where 
a multi-agent model based on opportunistic individual 
behaviours and anticipatory individual abilities is pro-
posed to simulate traffic at road junctions. In [17], the 
vehicles are presented as agents and game decision 
matrices are considered to solve the vehicle priority at 
junctions. 

  The implementation of autonomous systems elim-
inates the need of physical human intervention, with 
the intention of avoiding human driving mistakes. The 
case presented in this paper to regulate the traffic at 
the intersection seeks to eliminate human interven-
tion. The algorithm introduced is designed to regulate 
the vehicle priority for streets where a balance in the 
number of vehicles passing from each side is required 
and uses the proposed model to smoothly accelerate 
(decelerate) the vehicles. To determine which vehicle 
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has not passed the intersection. From the condition,  
ds=v2⁄4, and dc x x y yp in p in

2 2= - + -^ ^h h , the vehi-
cle position is (xp, yp) and the intersection position is  
(xin, yin). In addition, with i=90°, it was found that  
s=6 m is a suitable value.

To determine whether a vehicle has passed the in-
tersection origin (xin, yin), Equation 6 is used. The circu-
lation from east to west is enabled if a≥b (inequality 
involving the i-th vehicle position), while the circulation 
from south to north is enabled if d≤c (inequality in-
volving the j-th vehicle position). From Equation 6, c is 
the distance that a vehicle needs to cover after the in-
tersection origin to enable the counterpart traffic flow; 
for vehicles with a length of 4 m, c=2.8 m is selected.

y
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2.3 Intersection algorithm

The intersection algorithm is presented in Algo-
rithm 1. A vehicle accelerates (decelerates) according 
to Equation 4 except when it has no priority (the vehi-
cle with priority has not passed the intersection yet) 
and the condition dc≤ds+s is true; in that moment, the 
vehicle without priority decelerates at a constant rate 
of a=-2 m/s2 ; then ds=v2⁄2∙a is the distance required 
for the vehicle to brake before the intersection; with  
s=6 m, after braking there will be 4 m between the 
front of the vehicle and the intersection centre.

Algorithm 1. Intersection Algorithm
Initial conditions: 
flag1=true, flag2=true, exit=false, i=1, j=1, e=2,
n1=total cars of south-north direction,
n2=total cars of east-west direction.

_____________________________________________

do{
Comparison 1:
if(dci-s≤dsi      Л    flag1==true)
        {flag2=false;
        if(dcj-s≤dsj)
           {flag1=false;
            Decelerate vehiclej ;}}
Comparison 2:
if (dcj-s≤dsj       Л    flag2==true)
         {flag1=false;
         if (dci-s≤dsi)
            { flag2=false;
            Decelerate vehiclei ;}}
Check 1:
if (ai≥ bi Л c1≤n1)

a
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r
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if
if

ds
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 (4)

To calculate the vehicles’ speeds, Equation 5 is em-
ployed, where ∆t is the time step and a is the applied 
acceleration or deceleration.

v v a tt t t D= +D-  (5)

The model in Equation 1 uses the positions of the 
leader and the follower; the analogy with the real world 
is that vehicles are equipped with Global Positioning 
Systems (GPSs) and no other sensors are required (a 
similar assumption is made in [20]). In addition, it is 
assumed that the sensors operate without errors.

2.2 Intersection scenario

The intersection is composed of two perpendicu-
lar streets allowing one-way travel without turnings. 
The vehicles travelling along the south-north road are 
numbered with sub index i=1…n1 and those travelling 
from east to west are labelled as j=1…n2, as can be 
observed in Figure 1 (x-axis positive to the west and 
y-axis positive to the north). In addition, the origin of 
the intersection is (xin, yin), the position (in the centre) 
of the i-th vehicle travelling in the south-north direction 
is (xp

i, yp
i) and its target coordinate is (xsn, ysn). For the 

east–west direction the corresponding coordinates 
are (xp

j, yp
j) and (xew, yew), respectively.

South-North

(xsn, ysn)

(xew, yew) (xin, yin) (xp
j, yp

j)
(xp

i, yp
i)

(xp
j+1, yp

j+1)

(xp
i+1, yp

i+1)

East-West

Ɵ

Figure 1 – Intersection scenario

With vehicles coming from both directions, the ve-
hicle for which the condition dc≤ds+s gets the priority 
to pass and the vehicle coming from the other direc-
tion decelerates if required, that is, if the condition is 
true and the vehicle travelling from the other direction 
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     {Accelerate vehiclej;
     flag1=true; flag2=true;
     if (vj-e≤0 Л j>e)
         {Decelerate vehiclej ;
         Accelerate vehiclei  ;
         flag1=false; flag2=false;}
         if (i<n1){i=i+1;}
              else {exit=true}}
Check 2:
if (dj≤ γj Л c2≤n2)
     {Accelerate vehiclei;
     flag1=true; flag2=true;
     if (vi-e≤0 Л i>e)
         {Decelerate vehiclei  ;
         Accelerate vehiclej  ;
         flag1=false; flag2=false;}
        if (j<n2){j=j+1;}
             else {exit=true}}}
   while {exit==false}

3. SIMULATIONS 

3.1 Model simulations

The simulations were developed with the Unity En-
gine (used in robotics [21] and optimization problems 
[22]). The simulations were designed to test the model 
presented in Equation 1. 

Next simulations show the results with md=-4 m/s2 

and dm=-1 m/s2. As the initial conditions, four vehi-
cles spaced at 10 m begin to accelerate; then, when 
all the vehicles reach the maximum allowed speed (in 
this case, 10 m/s), the leader decelerates constantly 
at –2 m/s2 until it stops. Figure 2 shows the distance 
between each vehicle and its respective leader, with 
all vehicles stopping at a distance of 10 m from each 
other (from Equation 3, de=10 m). Figure 3 presents a 
graph of time versus speed. Figure 4 shows that the 
maximum deceleration applied by the second, third, 
and fourth cars (after the first car decelerates) is less 
than –2 m/s2. 

The previous simulation is repeated with md=3.5dm 
(from [4], the comfortable deceleration rate proposed 
by the American Association of State Highway and 
Transportation Officials is 3.4 m/s2); again, the vehi-
cles stop at the expected distance (10 m) with an error 
of approximately –0.01 m (the negative sign indicates 
less distance than expected). The error increases if 
md=3.25dm  (see Table 1).
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Figure 4 – Time vs. acceleration (deceleration)

Table 1 – Error in distance for each case (in metres)

Error at md=3dm Error at md=3.25dm Error at md=3.5dm Error at md=4dm
Car 2 -0.3718262 -0.1113281 -0.01239014 -0.00024414
Car 3 -0.3413696 -0.1013794 -0.01019287 0
Car 4 -0.3389893 -0.09716797 -0.01098633 -0.00067139
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current position and speed of this last is known), then 
the model works with this information until data is ac-
quired again (each time delay cycle).

With the intention of eliminating discontinuities, a 
second-order polynomial (from the least squares re-
gression with time as an independent variable) was 
used to estimate the vehicles’ speed and then the 
distance between each leader and follower. The sim-
ulation was repeated considering a time delay of 2 s. 
Figure 7 shows time versus acceleration (deceleration) 
and Figure 8 shows time versus observed and estimat-
ed leader speed (the first vehicle in the platoon). In ad-
dition, this simulation was repeated with a time delay 
of up to 5 s with no collisions occurring.

In the next simulation, the time delay is 1 s and the 
initial distance between vehicles is 20 m (measured 
from the centres). At the beginning, the vehicles con-
stantly accelerate at 2 m/s2 and reach the maximum 
speed of 20 m/s; then the leader (the first vehicle in the 
platoon) decelerates at –4 m/s2. Figures 9, 10, and 11 
show the acceleration, speed, and distance from the 

In Table 1 we can observe that a smaller error (zero 
if a car stops 10 m from the car in front) is obtained 
by approximating md=4dm. Additionally, setting de=5 m, 
that is, considering a distance of 1 m from the leader’s 
rear to the follower’s front in Equation 3, the vehicles 
decelerate avoiding collisions (this simulation was per-
formed with maximum vehicle speed=10 and 15 m/s).

The period for the model to acquire data (the lead-
er position) is called time delay. Next simulations con-
sider time delay to model the vehicles’ behaviour, with 

ds d
v

2 1
m

2

$
= - +^ h  if there is time delay. As initial con-

ditions, vehicles are spaced at 10 m from each other, 
the maximum speed is set at 20 m/s. Figure 5 shows 
a graph of time versus acceleration (deceleration) for 
a 3-second time delay and Figure 6 shows the same 
for a 5-second time delay. Both graphs show acceler-
ation (deceleration) discontinuities. During the time 
delay, the last registered leader speed is used to cal-
culate the distance between leader and follower (the 
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Figure 5 – Time vs. acceleration, 3 s time delay
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haviour was recorded for the first and last three cars 
from both directions (before and after passing the in-
tersection). The maximum deceleration is md=-4 m/s2 
and the maximum speed is 15 m/s. Under the initial 
conditions, we have the vehicles at rest and spaced 
10 m apart from each other. Figures 12 and 13 show 
the acceleration (deceleration) of the first three cars 
travelling from south to north and east to west, respec-
tively. Figure 13 shows a deceleration of –2 m/s2 ap-
plied by the first car travelling from east to west due 
to the priority of the first car travelling from south to 
north (as the first vehicle travelling from south to north 
arrives first at the intersection, it receives priority), this 
induces a decrement of the acceleration slope of the 
second car (east–west). The first car (east–west) ac-
celerates when it gets priority, which in turn causes an 
increment of the acceleration slope of the second car 
(east–west), this last decelerates when it loses the pri-
ority at the intersection but, when it is its turn to get 

follower to the respective leader. The simulation was 
repeated considering a time delay of 3 s without colli-
sions. In addition, if the distance between the vehicles  
centres is reduced to 6 m (in the initial conditions) and 
the expected distance de in Equation 3 is 5 m (or 1 m 
from the leader’s rear to the follower’s front), the vehi-
cles effectively decelerate while preserving a distance 
of at least 1 m from each other at the end (with time 
delay=1 s).

3.2 Intersection simulations

The next simulation is conducted under the scenar-
io presented in Figure 1. Algorithm 1 assigns the ve-
hicles priority to pass the intersection and Equation 4 
regulates the vehicles’ motion except when braking at 
constant speed before the intersection because an-
other vehicle has the priority to pass first. Ten vehicles 
from each direction were created and the travel be-
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Figure 10 – Time vs. speedFigure 9 – Time vs. acceleration-deceleration
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acceleration (deceleration) suffers discontinuities. Es-
timating the leader’s speed and then calculating the 
distance between the vehicles solved this problem, 
where the model supports data time delays of up to 
5 s under normal conditions (the model calculates the 
leader deceleration). If the distance between the vehi-
cles (under the initial conditions) is set at 20 m and the 
maximum speed is 20 m/s, when the leader abrupt-
ly decelerates at –4 m/s2, the maximum time delay 
supported is 3 s. The case with an initial distance of 
6 m, the same maximum speed, and a final expected 
distance of 5 m supports a 1 s time delay. In the last 
case, which focuses on reducing the distance between 
the vehicles in a platoon, two benefits are detected: 
(1) the deceleration of the following vehicles (as a re-
action if the leader decelerates) is smooth, not abrupt, 
and (2) the time cycle to refresh the data and maintain 
the desired inter-vehicle distance is 1 s (this time is a 
common GPS logging capacity [18]). The procedure in 

priority, Equation 4 regulates its acceleration (deceler-
ation) behaviour again. A similar pattern is repeated 
by the consecutive cars travelling in the east–west di-
rection.

Figures 14 and 15 show the acceleration or decel-
eration of the last three cars. In both plots it is ob-
served that each vehicle decelerates at –2 m/s2 and 
this causes a decrease of the acceleration slope of the 
corresponding following vehicle: the slope increases 
when the corresponding leader begins to accelerate 
because it gets the priority.

4. CONCLUSIONS
The relationship between md and dm has been suc-

cessfully established; that is, with the selected values 
the vehicles decelerate while avoiding collisions when 
the leader abruptly decelerates. In addition, if a time 
cycle to update the vehicle position is considered, the 
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Figure 12 – First 3 cars in south-north direction Figure 13 – First 3 cars in east-west direction

Figure 14 – Last 3 cars in south-north direction Figure 15 – Last 3 cars in east-west direction
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this paper reduces the time for a follower to get the 
information from its leader to operate in car-following 
situations, as the communications systems may have 
delays or errors in transmitting data, it is convenient to 
extend the time to acquire data.

 With the simulations performed to manage traf-
fic flow at the intersection (with Algorithm 1 and the 
proposed model), it is possible to maintain a balanced 
flow from both directions. This application of the model 
has the benefit that the only required sensor is one 
that delivers (with accuracy) the vehicles position. 
Also, the communication between the vehicles (to op-
erate in car-following) will have the benefit of support-
ing delays (depending on the situation, as we conclude 
through different driving scenarios presented in this 
paper) when transmitting data.
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MODELO PARA ACELERAR (DESACELERAR)  
SOPORTANDO RETRASOS DE TIEMPO PARA  
ACTUALIZAR DATOS 

RESUMEN

Este artículo propone un modelo matemático para regu-
lar la aceleración (desaceleración) de vehículos que se con-
ducen de manera autónoma en situaciones en las que un 
vehículo sigue a otro. Se ha diseñado un ambiente virtual 
para hacerle pruebas al modelo en diferentes situaciones: 
(1) los vehículos siguiendo al líder desaceleran a tiempo si 
el líder frena, donde es posible tener un retraso de hasta 5 s 
para actualizar los datos que requiere el modelo, es decir la 
posición de los vehículos, (2) con la intención de optimizar 
espacio, los vehículos se agrupan en pelotones, donde se 
puede tener un retraso de 3 s para actualizar los datos si 
los vehículos están espaciados a 20 m de centro a centro, 
y 1 s si el espacio es de 6 m, en ambos caso la velocidad 
máxima es 20 m/s, y (3) se presenta un algoritmo  para 
administrar la prioridad de los vehículos en una intersección 
de tráfico, en este caso el modelo regula la aceleración y 
desaceleración aplicada por los vehículos, además con el 
algoritmo se logra un balance entre el número de vehículos 
que provienen de cada lado de la intersección.

PALABRAS CLAVE

Simulación; Desaceleración; Modelo Matemático; Algorit-
mo; Intersección;
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