1. Mahalec: Analiza gibanja ventilske opruge

IVAN MAHALEC, M. Sc.

Faculty of Mechanical Engineering and Naval Architecture
Fakultet strojarstva i brodogradnje

Zagreb, Ivana Luci¢a 5

VALVE SPRING DESIGN -

ANALIZA GIBANJA VENTILSKE OPRUGE

Opruga ventila je jednim svojim krajem oslonjena o ¢vrstu
podlogu, dok je drugi kraj izloZen periodicnom gibanju koje je
odredeno profilom brijega bregastog vratila motora. Svaki
pojedini harmonik podizaja brijega predstavlja uzbudu koja
izaziva vibracije svih to¢aka opruge. Opruga se pritom ponasa
kao vibracijski model s beskonacno mnogo stupnjeva slobode.
U literaturi se tvrdi da opruga vibrira gotovo iskljucivo prvim
oblikom. U radu je razmatrana kinematika vibracija opruge, te
Jje pokazano da ona ipak vibrira istovremeno u vise oblika.
Potvrda za to dobivena je analizom fizikalne interpretacije
matematickih rezultata i analizom publiciranih mjerenja. Ta-
koder je pokazano kako se na obliku spektra harmonika
podizaja brijega moZe uociti utjecaj visth harmonika na rezu-
Itirajuci oblik vibriranja opruge.

1. INTRODUCTION

The valve spring is retained at one end and controlled
by a cam at the other end. A method of harmonic analy-
sis can be used to replace the lift function by series of si-
nus harmonics. Each harmonic is one disturbance func-
tion that induces vibrations of all particles of a spring.
The spring possesses infinite number of degrees of free-
dom that is infinite number of resonant frequencies. The
motion of particles of a spring is described by wave
equation.

In this paper author tries to explain some theoretical
unclearness, found in a accessible literature, in connec-
tion with the response factor (HUSSMANN) and dy-
namic displacement. In opposite to frequent opinions
(HUSSMANN, STRAUBEL), it will be shown that two
or more modes may consist in a spring at the same time.
Special attention has been paid to the physical interpre-
tation and analysis of mathematical results.

2. LONGITUDINAL
VIBRATION OF A BAR

2.1. The Differential Equation Of Motion.

When considering vibration of helical spring, it can
be replaced by a bar with continuously distributed mass,
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elasticity and dumping, where A is a cross sectional area
of a bar, [ is its length, p is density if material, E is
Young's modulus of elasticity and c¢ is a dumping coeffi-
cient. Free vibration of a spring corresponds to those of a
bar whose both ends are fixed, while at forced vibration
only one end is retained and the other end performs har-
monic motion. The displacement u(x,z) along the bar
(Fig. 1) will be a function of both, the position x and the
time 1.

v
A== dm
X dx
dFpng dF; dr
< _‘._dm_>

é—’ ux, t)

Figure 1 Longitudinal vibration of a bar:
Forces acting on an element dm.

The elastic strain force dFyyis:
dF o A-do,

*¥ou(x, t)
=, srrg

do. = E.-de_ = E (ae"d +68"d)
O'x 'Sx '-a;x -aTI

where: do, - differential of normal stress o, in cross sectional
area A if x increases for dx, €, - unit elongation.
While considering the whole bar in the same time
t = const., we obtain:

o€ o o
x u u
dO'x—E' -a;dx~Ea(b;)dx = E. ——adex
2
0 u
aF . = A -F —xidx. (A1)
Ox
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The inertia force dFjy,is:

o*u o*u
AR = iy Avpeatedx. (A2)
ot ot
The dumping force dF is equal to the product:

prig
c- (Ou/dt) . If the
is continuously distributed over

F_ ./l = (6u/dt) -c/l , dif-

dumping coefficient x velocity1 =
dumping force Fpn, %
the length of the bar:

prig
ferential of force, that corresponds to the element dx, is:
F_
g 4 e on
de”.g " -dx 7 6tdx' (A3)

Substituting (Al, A2 and A3) in the equation for
equilibrium: dF, +dF = dF ,, we obtain the dif-

prig el’
ferential equation of motion:
2 2
0 0 0
—;‘+2b—“=a2—';,b=2i,a2=— (A4)
or ot ox - P

This is a wave equation with a dumping term repre-
sented by 2b(0ulot), where a is the sound velocity in sol-
id structures, that is the velocity of disturbance moving
in a spring material (KLOTTER, pg. 160).

The motion described by the partial differential equa-
tion (A4) is a boundary value problem. Starting from
initial conditions for displacement u and velocity ou/0r at
time 7=0, the solution u(x,7), defined for 0 <x <1, hasto
satisfy the given boundary conditions at x =0 and x = .
This boundary conditions shall be satisfied for an infinite
number of eigen values, each corresponding to one of
the solutions u(x,z).

The same equation (A4) describes both free and
Jorced vibration, varying only boundary conditions. At
free vibration they are: u(0,t) = 0, u(lt) =0, and at forced
vibration: u(0, 1)=0, u(l, 1)=R-sin(® t+8), where R is the
amplitude of exciting harmonic, ® is its angular frequen-
cy and § its phase angle.

Solving free vibration of the bar we obtain the eigen
values, which are equal to resonant frequencies. The dis-
placement u will be found by solving forced vibration.

2.2. Free Vibration.

Equation (A4) can be solved by separation of vari-
ables. Therefore, the function « can be written as a prod-
uct:

u(x, 1) =X(x)-T(), (AS)
where X is the function of the position x only, and T'

is the function of the time 7 only. From the expression for

u we calculate du/0t, azu/ 612, 6u2/ axz and substitut-
ing them in (A4) we get:

/i r 2X"

T+2b7=07, (A6)

The terms on the left are functions of time only, these
on the right functions of positions only. So both sides

2 g
must be equal to the same constant -v~ . We obtain the
homogeneous case of the system of two linear differen-

: . nd - .
tial equations of the 2 order, with constant coeffi-
cients:

T"+2bT +v°T = 0

(AT.1)
v2
X'+=X =0 (A7.2)
a

The solutions of equations (A7) can be obtained only
for certain values of v2 . The function X is called eigen

Jfunction, and v2 is eigen value of a boundary problem.
Solution of equation (A7.2) should be searched for

rx

in the form: X = ¢ . We calculate: X' = re

rx

X' = r2e
(A7.2) we

, and by substituting it in the equation

obtain the characteristic equation:

2 P -
r +v /a = 0, its roots are: r = +i-v/a . The

1,2

rlx TyX

general solution: X = Cle +C2e , , can be trans-

; v N
formed into: X = 4 cos-x+A4,sin-x, by means of
1 a 2 a

2
Euler's formula  and by substituting the solutions
ryand r,.
Corresponding to the first boundary condition:

X =Aysinzx u(0,) =0, itis u=X-T=0.
This shall be satisfied if: X = 0, is followed by:
A, = 0, so the general solution is: X' = Azsingx.

By applying the second boundary condition:
u(l,t) =0 we get: singl = 0, with the conclusion

that there has to exist the eigen value v or resonant fre-
quency (frequency of normal mode of vibration):

v=k-7t-(;,rad/s (A8)
where:
=125 - order of normal mode,
E A
a= B ,m/s -sound velocity in a bar.

1
From (A8) we obtain: ; =A-T- 7,80 the final ex-
pression for eigen function X:

b Azsin(x-n ’7‘) (A9)
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Solution of equation (A7.1) should be also searched

: rt S
for in the form: 7 = e . The roots of the characteristic
equation:

P +2br+vi = 0,
are: r) , = —b:tin/v2—b2, while v>—b*>0. The

I ryt Tyt
general solution: 7" = D e +D,e , can be trans-

formed to:

T = e_b'(D3cos(»\/v2—b21) +
+D4sin(~/v2—b2t) ) ;

The displacement u can be obtained by substituting
the expression (A9) for X and expression (A10) for T
into (AS):

u=X-T= e_b'(chos(A/vz—bzt) F
+Kzsin(»\/v2—b2t) ) : sin(k T ;) !

The resonant angular frequency of dumped vibra-
tion is, extracting from this equation:

(A10)

(A11)

2 2

vy = AV -b . (A12)

Constants K| and K, can be calculated by applying
u(x,0) = f(x),

the initial kinematics conditions:

u(x,0) = g(x).

For the solution of the differential equation (A7) we
assumed: /. that vibration of the bar could be treated in-
dependently for each of the normal modes and its eigen
value, and 2. if the bar was vibrating at one of its normal
modes, all its points were vibrating with the same simple

harmonic motion: # = X - sin (©7) .

2.3. Forced Vibration.

We shall solve the equation (A4) by using the com-
plex method. The forced vibration is the sum of free vi-
bration and excitation. In a dumped system, however, the
free vibration is dumped out rapidly and only steady-
state oscillation remains, with an excitation frequency o.
The complex solution is:
el (ot +3) )

u(x, 1) = X(x) -T(t) = X- (A13)

Now we obtain:
2
Ou _ ., i(ot+8)
— X' e .
Ox

ou | i(ot+3d) :
a—t-—X-tm.e = iou,

O u 2 2 i(ot+d 2
—i-=X-ico-el(m )=—(ou.
ot

By substituting this into u (A4), we gct4:

2
Xv_(_co_2+12b%)X=X'n_,Y2X= 0’ (A14)
a

a

5
where " :

2
/co ) ® ) b ®
¥ = —?+1-2ba—2=a+xﬁ,aza,ﬁzz. (AIS)

s 1 2 o .
The characteristic equation: » —y = 0, has its
complex roots: r; , = ty. The general solution is:
X —Yx gl
X = Cie” +Cye . The first boundary condition:

u(0,t) = X-T = 0 produces: X(0) = 0, followed
by: C, = —C, . Thus the general solution is:

X =Ce"-Ce™ =2C sh(yx) . (A16)
In the second boundary condition: u(l 1) =
=(R-sin(ot+3)), the term: sin(of+3d) is the

function of time 7 only. So, we can say that R is a func-
tion of position x only: X (/) = R . It must be equal to

R
(A16) and then we get: C, = ShOD Substituting C,

in (A16) and then substituting X in (A13) we obtain the
complex dynamic displacement w: u (x,1) = X T =

2 sh(yx) i(ot+8) _ i(ot+3)
_R.W.e _R.V'u.e

* . .
V, is the complex response factor. By applying the ex-

,  where

ponential formula of the complex numberG, general tri-

gonometric and hyperbolic formulas 7, we get:

_ shiyx) _
u  sh(yD)

Jshz (ax) + sin2 (Bx) '®
sh” (al) +sin- (B))

=V~ei.

u

(A17)

We obtain the dynamic displacement u as the imagi-
nary part of the complex displacement:
u(x,t) =RV, sin(ot+d+9). (A18)

where V,, is the response factor and ¢ is the phase angle
between the excitation and the dynamic displacement u.

Promet, vol. 8, 1996, br. 1-2, 1-10




I. Mahalec: Valve Spring Design - Kinematics Analysis

Table 1 Analogy of vibration of a bar and a helical spring

Prismatic Bar Helical spring
4
[
m E, p c
u(x, t)
F

RO o e 1 N K IGd'

G _© c = = = . =_ k=
e T e Al ¢+ (Al y 5
E=z=o= & T 4 2D nz

T ox 2 4

De Gd

A|_T.k= 3

8D z
2 E 2..4.E m Tz d'n
a—B a=a,p’=7=D p,m=D‘ltZT

f Id JE k

a= |= a= e fm= = I J—

P xD’z N2P i
i e 2 [k . At (Cz k
vb—ﬁ—b—v»jl—g,vl* — vy = V=BT = - E)’Vl_ =

c c
= = s Coiy = 240km
ck”_’ Z;km krit

A, m’ - cross sectional area; @, m/s - sound velocity; b, 1/s - dumping; ¢, kg/s - dumping coefficient; E, Pa - modulus of3 elasticity;
F, N - force; G, Pa - modulus of stiffness; k, N/m - spring rate; m, kg - active mass; z -number of active coils; p, kg/m" - density
of material; o, Pa - normal stress; v/v, , rad/s - natural angular frequency (v, - the lowest) of damped/undamped system; £ - frac-
tion of critical dumping; A', E', V', p' - symbols corresponding to helical spring treated as a bar with diameter D and length [.

They are equal to:

(A19)

lift function, at the camshaft speed n gy at distance x, as

. > 8
the function of the cam rotation angle @gy :

N Jshz(ax)+sin2(ﬁx)
sh” (al) +sin” (Bl)

T ha R“- Vu,u- sin (L@g,, + 6p—\pu,u)j,m (A21)

tan (PBx) tan (/)

P F arctanm—arc tanm. (A20)

3. SPRING VIBRATION

If we define all the different terms, the formulas for a
prismatic bar can also be applied for a helical spring. In-
stead of the distance x we shall use the relative distance
/1, to exclude the influence of the length [ of the spring.

3.1. Dynamic Displacement u,,.

At the moving end of a spring the disturbance func-

tion is represented by the harmonic of uth order:
vy i Ru' sin(ucoBV1+8”) , where 8, is the
phase angle between the harmonic and the cam rotation
angle @py By substituting: ®f = Py, into expression
(A18), using ¥ = —@, we obtain the dynamic displace-

ment u, (Fig. 2) of the um order harmonic of the cam

where: R, , m - amplitude of the p.lh harmonic of the cam lift;

V . - response factor of the u"h harmonic;
Ppv , rad - cam rotation angle;

511’ rad - phase angle of the pth harmonic,
Wau,u » Tad - phase angle between the excitation
harmonic and the dynamic displacement .

" harmonic
of a cam lift

4+ti harmonik
pomaka ventila

Figure 2 The considered point is at the
distance x from fixed end of the spring,
the dynamic displacement is u.
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3.2. Response factor V,, , and phase angle y,, .

The response factor V,,, of the harmonic of the uth
order (Fig. 3.) at the camshaft speed n By at distance x,
corresponding to (A19), and in the form suitable for the

10
computer

S oY )

S -~ ’7‘) wain? b0} ’7‘)

sh- (Do sin” LBD

=

if: = I, erif: ngy = 0, then: (A22)

S ke ’7‘) +sin?( B ’7‘)

WV aD + s (B))

where: x, m - the distance of considered point from fixed end
of a spring; , m - length of a spring.
The terms o and f are:

alz’_’.1=b.£=,,.ﬁ=
a v k

1
xD’z 2p
=b.T.J_;_=C (A23)
c a k
b_ﬁ—C'T_C' = =
vy d G
=C'—=C'—'J:: (A24)
o xD’z N2pP

where: a, m/s - sound velocity (velocity of disturbing wave
moving) in a spring treated as a prismatic bar; b, st
dumping; ¢, kg/s - dumping coefficient; d, D, m - wire
diameter, mean coil diameter; G, Pa - modulus of stiff-
ness; k, N/m - spring rate; /, m - length of a built in
spring (valve at rest); m, kg - active mass of a spring; z
- number of active coils; vy, rad/s - lowest natural an-
gular frequency of a spring; p, kg/m® - density of spring
material; £ - fraction of critical dumping.

Sa

— 1_.

Bl =

s 1!D22 2p

where: o, , rad/s - angular frequency of harmonic of the u‘h
order of the cam lift function; p - order of harmonic;
®py , rad/s - angular frequency of camshaft; ngy , s1.

camshaft speed (frequency); Opy = 21anV.

The response factor V, we s defined in the expres-

sion (A22), is a function of: dumping b, the lowest angu-

lar natural frequency v, the order p of the harmonic, the
camshaft speed, as well as the position x of observed
point of a spring:

wp Vu,u(a(b’vl)’ Bw “)BV’VI)’;)'

The phase angle y,, , between the excitation p.th har-
monic and the dynamic displacement u, in the form suit-
- S
able for the computer , is:

if @, <0 then o =P, ok

elseif @, >0 then [wu,u =nT-@ (A26)

u.#l'

where @, ,, is obtained from (A20):

X
) an((pr-3) tan (B1)
(pu,u = arc tanwnh » s —arctan—ﬁ—umh @D (A27)
( '7j

A Vu 28
| -
-0
: Fiat 128 A
150 28. harmonik / 28" harmonic

A b=50s"
Ngy, S .

Figure 3 Response factor V, ,, of
harmonic of p™" order.

3.3. Resonance.

Accordingly to the expression (A22) the response
factor Viu reaches its maximum if sin (f/) = 0. From
there we get the resonant condition:

B,,,l = A, h=1,2,3,.) (A28)

According to (A15) is: B = wp/a, resulting with:

By =@ iy ../ a. However, the angular frequency ®,

of u‘h harmonic (that is the angular frequency of the
amplitude vector R, ) is p-times bigger than the cam an-

gular frequency ®pgy so it will be the same at the reso-

Promet, vol. 8, 1996, br. 1-2, 1-10
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nant frequency: ® SR Opy .- By substituting

W, rez
this into expression (A28) we get the resonant condition:

(cop, rez/ a) -1 = Am, and the resulting resonant angu-

lar  frequency of the uth harmonic  is:

A Am - a/l. If we substitute the equation for a,

the resonant angular frequency of a cam is:

JE-

,rad /s

_Am a=kn

OBy, rez |~ TR m

A d F_Ml
npZ, NZp | TH

where v, is the lowest angular frequency of a spring (un-

(A29)

dumped o D

) P f_d F
vl_n.i‘_n.a—B‘z—z.i_‘s

The resonant angular frequencies of higher order are:

,rad/s  (A30)

v, = le ,A=1,2,3, ... - order of normal mode

of vibration. (A31)

The lowest resonant frequency f; of a vibrating

spring, and the higher order frequencies f;, are:

¥y

-1
f)‘_ = ﬁ:s

¥
N =5ps (A32)
1
The maximum absolute value ; of the response fac-
tor V,, is a constant for all harmonics p and for all or-

ders of normal modes of vibration A, it is approximately:

Yy
|V (A33)

S
o b rezlmax ™ B

For example, if A = 1(3) the maximums are at: x /
1=~ 112 (1/6, 3/6, 5/6).

If there is no dumping (b=0), the response factor Vy,,
(A22), and the dynamic displacement uy, (A21), tend to
infinity.

The resonant phase angle of the dynamic dis-

u, rez
placement u is equal for all excitation harmonics p and it
can be obtained by expression (A26):

if 2% 0 then

u,rez q)u, rez’

else if (pu, rez >0 then Wu, rez . T (pu, rez’

The value @ can be get by substituting the reso-

u,rez

nant condition [ = Az into (A27), that is:

rez
tan(kn . ;)

(pu,rez=arcta.n e
tanh al~7

(A34)

For example, at 1% mode of vibration (A=1, OBY rez
accordingly expression (A35)), using small dumping b,
the phase angle \y is approximately equal ©/2 over the
whole length of a spring, except for starting value zero at
the moving end of a spring.

3.4. The Interpretation of v.

Presuming that we deal with a cam profile de-
signed to produce a disturbance single sinus wave
during each revolution of the cam rotation. The an-
gular frequency of the wave is equal to the angular
frequency of a cam: ®; = oy Assuming the fre-
quency of the cam to be equal to the lowest natural
angular frequency: @y = v4. The spring then per-
forms the resonant vibration of the 1% normal mode
(A = 1). At twice the cam frequency, the spring vi-
bration would occur at double frequency ogy = v,

and with the 2°¢ normal mode (A = 2).

In general, if a condition of resonance is satisfied, the
angular frequency of a cam is:
A
AR
while the angular frequency of the disturbance har-
monic is: Oy =W O = Opy e the response factor
Vu}L reaches its absolute maximum, and the order of
the normal mode of vibration is A.

Opy, rez = 270y oz = (A35)

T 400
g
a - 300
< B ‘
28 \ |
. o \ |
s & \ ] <
-2 g
g E 3 6 8
pt =1 4 7 =
= 2 --
..% .z \‘ " \K :
88 o s ;
© © = A g
o4 Wiy E
el 2 e
0 fes W o e s W NGRR T —————
ot 10 7120 30 40

Redni broj harmonika u
Order of harmonic

Figure 4 The resonant camshaft speed depending upon the
order of the cam lift harmonic for
different orders of modes of vibration i.

At resonant frequency of a cam ngy, ., (Fig. 4)

the frequency of the p™ harmonic is equal to any of
the natural frequency of a spring:

vy
. (A36)

R =3 (o
Tl

fBV,rez = "By rez 'fk =
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£ 2.5-I WR:, (1=2)

E Ry (2=1)

a7 3 §

x 1.

© O

o T

2 205

33 1\ skt e

E E = - g, - =

€W ) nee. B2 3 i Sl ml PR e 0 = 5 i 10 15 A0 6 (8 A
- w o~ o o - @
+ + F o o~ o~ o~
~ < + + + + +

. Ly b R

Amplitude pomnoZene sa 10
-
Amplitudes multiplied by 10 ’

Fiat 128 A, ispusni ventil, zazor 0.50 mm
exhaust valve, clearance 0.50 mm

: Nlh\||||||n|.nnmm.l.u.uu.l..........m.,.

Amplltude pomnoZene sa 100
Ampmudes multlphod by 100 ’1

Redni broj harmonika / Order of harmonic u

Figure 5 The line spectrum of lhe Fourier series of the cam is a useful tool to estimate
which of pairs of (p and 2 p ) harmonics have approximately equal amplitudes.

3.5. Displacement.

Total sum of displacements u of series consisting of
1L harmonics is:

= 2u, (%1
I

How many terms should a series of harmonics have if
calculating the displacement? Examining the example of
analysis of a cam profile of the car engine Fiat 128 A
(see the details at the end of the paper).

u(x,1) (A37)

According to the graph (Fig. 5) the amplitudes of gth
and 16 harmonic are almost equal as well as those of

the 111 and 22™ harmonics. The camshaft spmd12 of
ngy =374 s'1 is a resonant speed of the llth, 22“‘1, 33rd,
.. harmonics. As shown in Fig. 6, for rapid decay of the
response factor V,,, it is enough that the camshaft speed
differs just slightly from the resonant speed. So the con-
tribution of the nonresonant harmonics is irrelevant. This
shows that the total sum of dynamic displacements of a
series of seven resonant harmonics (Fig. 7), is almost
identical to the sum of displacements of only the first

. 13
two resonant harmonics
It is obvious then, that the series of harmonics should

have enough terms to include the 1% and the 2™ normal

mode of vibration (uth harmonic by A=1 and 2|,Lﬂl har-
monic by A=2) in the considered range of the camshaft
speed. HAFNER, from KHD, calculated the displace-
ment « using the series of 32 harmonics. For a quick
analysis it will be enough to observe the resonant fre-
quencies (equations A29 and A36) in a range up to the
highest engine speed and to include in the calculation

only the uth and the Zuth harmonics.

M ‘ | | i |
010 O (g v D,[ 1§ J_A by 0L 1= D,l.. =)
o~ o o - @® o~ ©w o
«© « ~ -~ - o o ©
+ + + + + + B +
©w «© (=] o~ - ©o «© o
- .- ~N o~ o~ o~ o~ «
X th .
But, if the frequency of the p harmonic:

®, = K Ogy, by the i mode, coincides with any of

the resonant frequencies v, , and if its amplitude is

th . P
much larger than the 2 amplitude, then the motion

will be almost completely determined by only the 1™
mode (Fig. 8).

Amplitude U,, of the dynamic displacement u, at the
position x and at the camshaft speed npy can be obtained

from (A21) by substituting sin (L@g,, + 8’1 v, p') =1:
UP- = R 4,57 " (A38)

According to (A22) at the fixed end of a spring is
= € Vll.u =0, followed by: U“ =)
while at the moving end it is
x=F Vu“ =1, followed by: UH= Rp
20

Fiat 128 A, ispusni ventil, z= 0,50 mm, b = 505" |
I exhaust valve, clearance 0,50 mm A ‘
|

28" harmonic ’
28 harmonik, x// =3/4 *
20 - ; O AW TS bR SRy =5 RN
0 30 60 90 120 150

Brzina vrtnje breg. vratila / Camshaft speed nay,s”
Figure 6 The response factor V,, , decreases
rapidly if the camshaft leaves its resonant
speed values (this graph is the cross sectional
area of surface V,,  from Fig. 3).

Consequently, the amplitude of the displacement at
the end of a spring, that is controlled by the cam, is equal
to the amplitude of the excitation's harmonic.
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Figure 7 The spring vibration, at resonant
frequency, in several normal modes.
The 1°' and the 2" modes are dominating,
because the amplitudes of its harmonics are
by far the biggest and almost equal (see Fig. 5).

1 Utre12+, 417 s A

E.'e 08 ou = 105"
c
< g
s & 06
'8
@
»{—3,3 04
©o
Qo
52 0.2
e 35
-\;4"’ 0 U3 N
u=1, 17 Fiat 128A, b =T7s"
02
0 02 04 06 os X1 4

Figure 8 The total displacement of series of 7
harmonics. The motion is almost completely
determined by the 11™ harmonic which is
in a resonance (with 1% mode).

The total displacement H of the observed point of
a spring, produced by static compression due to the cam

lift, and by vibration due to the uth harmonic, at the
camshaft speed ng, , measured from the fixed end of a
spring (valve at rest) is:

H = l~x+(h;V—zV) -JYE+u'1 -

x * X
% "(1 “[) +(hBV_zV) n1tu,
where: [, m - the length of built-in spring (valve at rest),
h*gy (pgy), m - the cam lift, measured on the valve ax-
is, as a function of the cam angle gy
Zy , m - tappet clearance measured on the valve axis.

(A39)

4. THE INFLUENCE OF DUMPING
AND ENDCOILS

The calculation of dynamic displacement u, is not
possible without knowing the value of dumping. The

data from the literature: According to HUSSMANNM
the dumping is: from b= 7 + 12 (£ = 0,0085 + 0,024), up

45 :
(11 hamonik, 2 =1 )+ (22 hamonik , A =2),

Fiat 1284 , ngr - 32457, b=10s"

Duljina ugradene opruge 36 mm
30 ¢ Length of built-in spring

Progib toaka opruge, mm
Displacement of spring coils

0 45 90 135 180 225 270 315 360
Kut zakreta bregastog vratila / Cam angle ¢gv, "BV

lst znd

Figure 9 The spring vibrating by 1™ and by
mode at the same time. The total displacement
shown here, due to the harmonics 11 and 22,
is almost equal to that of seven resonant

harmonics (11, 22, ..., 77) from Fig. 6.

to 20 s~1 (£ =0,061). HUNDAL calculated with the val-

ue £ = 0,001 (b = 0,82 &t ). By the slightly modified
theory HAFNER used the constant ratio of dumping and
camshaft speed, pointing out the necessity of experi-
ments to find it.

When considering the measuring of dumping HUS-
SMANN (p. 34, 35) has mentioned two possibilities: de-

s - 3 15
termining of logarithmic decrement ~ A and 2. measur-
ing of the resonant amplitude of displacement, that is the
determining the response factor Vu‘ - by the already
known sinus wave excitation with the amplitude Ru’ and

the calculation of dumping b from the expression:

v
i 1

Uu,rez,max—Rp~|Vu,p’rezlm“=Rp-b—x. (A40)
HUNDAL's (reference 7., p. 6, 7) calculation of the
fraction of critical dumping £ was also based on experi-
ments, but he considers several cycles in a row. For the
single degree of freedom system he calculated the loga-
rithmic decrement from the formula:

1 lnN 0

e BN
where: N - the amplitude of the first cycle, N, - the ampli-

(A41)

tude of the nth
period.
Another circumstance has also significant influence
on the results of the calculation. Valve spring endcoils
are squared and ground flat. The intercoil gap at the
spring endcoils is gradually reduced to zero, resulting in
a loss of active coils and active mass. The significance of
this change is reported by ROSKILLY and FERAN.

cycle following it, 2n/v, s - the cycle

5. CONCLUSION

The end of the spring (x=[), which is controlled by
the cam, performs the motion that can be replaced by the

Traffic, Vol. 8, 1996, No. 1-2, 1-10
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series of sinus harmonics by method of harmonic analy-
sis. Therefore, the motion of the endpoint of the spring is
equal to the total sum of all harmonics. If the spring vi-

brated only by the 1" mode (HUSSMANN, STRAU-
BEL), then somewhere near that end an area, where the
power of higher order harmonics would disappear,
would have to exist.

Probably it does not often happen that at resonant

h
frequencies the amplitudes of the ulh and 2 p.t harmon-
ic are approximately equal. But only in such case it is

; g ; g t
relatively simple to notice that it vibrates by the 1% and

the an mode consisting in the spring concurrently.
HUSSMANN's experiments, where the simultaneous vi-

bration of a spring by the 1" and an mode was record-
ed, were analysed. It was found out, that these cases
were of the same type like described here.

It can be asserted that, at the resonant frequency, the
spring vibrates simultaneously by all modes and due to
all excitation harmonics. As the amplitudes decrease

with the order of harmonics, in most of cases the lst
mode of vibration dominates and followed by the i

and the an mode simultaneously. When analysing vi-
bration, the line spectrum of amplitude series (Fig. 5)

should be used to estimate which of the pairs of ( pth and

h ’ ’ .
2 ul ) harmonics, with the resonant frequencies (A36)
in the engine speed range, have approximately equal am-
plitudes. The resonant vibrations due to these harmonics

will be dominated by the 1™ and the 2™ mode sirmlta-
neously. All other vibrations will almost completely fol-

low the 1St mode of motion.

6. EXAMPLE

Given: Four cycle combustion engine Fiat 128 A, ex-
ternal valve spring: the main coil diameter D = ¢ 27,4;
the wire diameter d = ¢ 3,8; the free length of a spring 54
mm; the built-in length / = 36 mm; the number of active

coils z = 4,5; the spring material: steel; p = 7850 kglm3;
G= 8,3><10lo Pa; dumping b = 20 s'l; the amplitude of
9th harmonic R9 = 0,088 mm; the maximum of valve lift
(h*zy - zy) = 8,75 mm.

The amplitude of displacement of the vibrating
spring has to be calculated. The resonance excitation is

the 9 harmonic that has a very large amplitude (see Fig.
5).

Results:

The lowest natural frequency of a spring (A30):

v, =

d F_
: Dzz 2p

38107 3.
= : = 2586—

AT} TS
(27.4-10°) .45

The resonance camshaft speed for the 9ot harmonic
(A36):

g s V] 12586
| “,Ps’ezlmaXNb—x 1 v20m®m ralnst

The resonance amplitude of displacement (9thharm.)
(A40):

U

9, max

= Ry|V,

u, W, rez‘ma

g 0,088 -41,2 = 3,6 mm.

The 1% normal mode of vibration (A=1) appears at

the camshaft speed ngy = 45,7 s'1 and at the relative dis-

tance x//=0.5 (the middle coil); the an mode (A=2) ap-
pears at ngy = 91,5 s'1 (5488 min'l) and at the distance
x/l=1/3; ... (The crankshaft speed at the maximum of
power is 100 s1 or 6000 min'l). The resonant amplitude
Us, max = 3,6 mm is the same at all normal modes of vi-
bration.

The results of approximate formulas for o and 3,
and the influence of dumping on the natural frequency

vy of a spring, at the camshaft speed ny, = 45,7 s_l

and with dumping b =7 sl

a =0,23620026 [ =87,26678 exact formula (Al5a),
0,23620034 87,26646 appr. formula (A15),
34x10°%, 3,7x10%% the difference.

v, = 2586,18rad /s without dumping (A30),
V, , =2586,16 rad /s  with dumping (A12),
the difference = 7,7 x 104 %.

If the dumping is b = 20 s the differences of o, B
and v, , are equal: 3,O><10'3 % of the exact value.

By means of approximate formulas it is very simple
to express the correlation (A23) between the dumping b
and the fraction of critical dumping C. However, this
does not influence the results of the calculations.

SUMMARY

The paper considers the surge of a spring, retained at one
end and controlled by a cam at the other end. The periodic lift
function of the cam was approximately replaced by the Fourier
polynom. The forced displacement amplitudes were determined
for each harmonic of this polynom. The theory of forced longi-
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tudinal vibrations of a bar with continuously distributed mass,
elasticity and dumping was applied to simulate the motion of
spring coils. It was found out that two or more modes may con-
sist concurrently in the spring. This was obtained by analyzing
mathematical formulas and by comparing computed and pub-
lished measured results. The line spectrum of the Fourier series
was introduced as a useful tool for estimating the influence of
the high order harmonics on the spring surge.

NOTES:

1. Relative velocity of element dm and its neighboring ele-
ment.

2. Euler's formula for complex numbers:

a+i a i _ tx+iB|
P P 2 —Ie .

& (cosP +isinf) ; Pl
3. The rotation of complex number for an angle of n/2 is
equal to its multiplication by imaginary unit i:
g =o-X-cos(wt+8) = o-X-sin(ot+d+=n/2) =
=j.0-X-sin(0t+8) =i-0-u
4. The variables are separate again: X is the function of x only.
5. Exact formulas for o and B (the excitation frequency is

cop):

w2 (@),
B=m7“,j%[ 1+((%)2+1] (A15a).

If the dumping & is as small as it is for springs, it can be ne-
glected as it is done in formulas (A15). See the example at
the end of the paper.

6. sh(yx) = sh(ax+i-Bx) = sh(ox) - cos (Bx) +

o B
2 xarctgz

+i.ch(ox)-sin(Bx) = A+i-B = A +B e

1, chza-—shza =.1
All the significant terms are defined by equations with
frames.

9. If: tan x <0, then computer gives the result: x < 0, but never
x > m/2. To control the sign of the displacement «, the func-
tion signum was used in the expression for V., (A22), in-
stead of the phase angle @, , .

10. The influence of dumping on resonant frequency could be
neglected, see example at the end.

5 2 2
T 280 O+ CO8. 8. =

11. The response factor V, at resonant camshaft speed

\ M, rez
can be obtained by substituting the expression (A28) in
equation (A22). As the dumping b is very small, it can be
bn

sh(al) ral = —=a

written: o [/ ~ 0, followed by:

2 x ) x
sh (cxl- 7) ~ 0, and finally: Vu,“,rez ~ sm().n . 7) i
We get the extremes if: sin()ﬂr . ;) = 1, and that is at the

g e 82K sl
distance x: : P oy g o, 7 ek

12. Tt is from expression (A36):

A Vi _ 1 2586 2 2586 _
"Bv,rez  n'2m 11 2m 22 2m

3 2586 1

3—3'- 7 37,45

13. As shown in the Fig. 5, the amplitudes R, of the higher or-
der harmonics are even smaller. In general, the amplitudes

of the pm harmonics (A=1) are much greater than those of
the Zum harmonics (A=2), which are again much greater

than those of the 3™ harmonics (A=3), and so on. So the
contribution of the normal modes of high order (1) is main-
ly not as big as observed in an unusual case like in Fig. 5.

14. HUSSMANN made his experiments using valve springs
from aircraft engines.

15. The logarithmic decrement A is the natural logarithm of the
ratio of the amplitudes N and N7, of two successive cycles
of dumped free vibration:

N
A= lnA—,l = (single degree-of-freedom system) =
2

2nl

= T = )
gv 7—]_[;2

where: v, rad/s - the natural angular frequency of vibration;
vT, rad - the cycle period (v T = 2=); T, s - the cycle period
of dumped vibration.

The logarithmic decrement shows the decay of amplitudes
of dumped vibration. Without dumping, there would be no
decay. If A =0 then: In (N,/N,) =0=N,/N, = 1.
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