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AN EMISSIONS-BASED USER EQUILIBRIUM MODEL AND 
ALGORITHM FOR LEFT-TURN PROHIBITION PLANNING

ABSTRACT

The left-turn of vehicles at intersections has significant 
impacts on urban traffic congestions and accidents, which 
have negative effect on vehicle emissions causing air pol-
lution. Many urban traffic networks prohibit direct left-turns 
for transport planning to keep traffic moving efficiently on 
major roads. As such, this paper proposes a bi-level mathe-
matical model for left-turn prohibition planning considering 
both travel times and traffic emissions. The lower-level and 
upper-level are respectively solved by using the Frank-Wolfe 
algorithm and an improved genetic algorithm. By numerical 
examples, this paper shows that the improved algorithm can 
effectively enhance the speed and accuracy of the calcula-
tion, and the traffic congestions and emissions can be al-
leviated by implementing the left-turn prohibition at some 
carefully selected intersections. 
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1. INTRODUCTION

With rapid urbanization, more private cars enter 
the limited urban traffic network, which enhance the 
traffic congestion and worsen the performance of road 
networks, so that travellers waste a lot of travel time 
on the road, not only causing environmental contam-
ination, but also leading to more traffic accidents [1]. 

Moreover, on crowded roads, frequent starting and 
braking make the exhaust gas density obviously higher 
than in other situations. Traffic emissions in urban traf-
fic networks mainly contain carbon monoxide (CO), ni-
trogen oxides (NOx) and hydrocarbons (HC), suspend-
ed particulates and a little amount of sulphur dioxide 
(SO2), and aldehydes (RCHO) [2]. As such, traffic emis-
sions are the major source of air pollution in urban 

areas and they contain many potential carcinogens. 
Many studies have found that exposure to traffic emis-
sions may be associated with increased risk of can-
cers [3, 4], and several studies have confirmed that 
traffic emissions can be reduced under reasonable 
traffic control [5-9]. Therefore, reducing traffic conges-
tion and controlling traffic pollution have become two 
major concerns for the urban transportation network 
planning and design.

There is a controversial topic on the left-turn vehi-
cles. Owing to the conflict with the opposing through 
traffic flow, direct left-turn from driveways is consid-
ered as a contributor to the delay at intersections 
which may generate more accidents [10]. In order to 
avoid such collisions, the measures for prohibiting di-
rect left-turns at intersections have been practiced in 
many states and cities [11-14]. 

However, because of the left-turn prohibitions, 
drivers cannot arrive at their destination directly. Driv-
ers who intend to turn left initially at this intersection 
have to choose other alternatives, such as right-turn 
followed by U-turn [15]. Hence, it will lead to travelling 
additional distance and increasing traffic emissions. 
The ecological environment will be polluted and the 
adjacent roads may become more crowded, and in 
turn this will make the drivers adjust their route choice. 

How do drivers choose their travel paths under 
left-turn prohibitions? Will the additional travelling dis-
tance of drivers' other alternatives increase total traffic 
emissions? Where should left-turn prohibitions be im-
plemented, if we were to optimize the traffic network 
system from the view of environmental protection? For 
these questions, we propose a bi-level programming 
model considering both travel times and traffic emis-
sions. The Frank-Wolfe algorithm is used to assign 
traffic demand for vehicles in the lower-level model 
and calculate the weighted combination of total travel 
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times and total traffic emissions, and then determine 
where to implement left-turn prohibition in the up-
per-level model using an improved genetic algorithm, 
such that the traffic network system is optimized. Us-
ing numerical examples it is shown that careful place-
ment of left-turn prohibitions can alleviate the traffic 
congestion and emissions.

2. MODEL DESCRIPTION

The typical four-phase intersection is the most com-
mon intersection in urban traffic network, so the ma-
jority of traffic networks are regular lattice. As shown 
in Figure 1, in order to adapt our model to the reality, 
we have simplified the traffic network studied in this 
paper into a lattice network G(N, A) with two-way roads, 
where N and A are the sets of nodes and links, respec-
tively, and a ∈ A. Each intersection is simplified as a 
node. In addition, each node can be viewed as both 
an origin and a destination and there is a trip demand 
between any two nodes. 

To study the traffic situation at the intersection, the 
virtual nodes and virtual links need to be introduced. 
Adding the virtual links to the network will not change 
the original structure, but it just increases the size of the 
network. As illustrated in Figure 1, a single intersection 
is denoted by a network of four virtual nodes and 12 vir-
tual links, where N' and A' are the sets of virtual nodes 
and virtual links, respectively, and a' ∈ A'. Each permis-
sible movement through the intersection is represented 
by a separate virtual link and each intersection move-
ment can be associated with the appropriate delay. 

Before the formulation is discussed, this paragraph 
presents the network notations used throughout this 

paper. Let xa (or xa') represent the flow on real link a (or 
virtual link a'). ta is the travel time on real link a. The 
set of origin-destination (OD) pairs in the network is 
denoted by W and w ∈ W. The set of paths connecting 
OD pair w is denoted by Kw and k ∈ Kw. Let kf

w  be the 
flow on path k connecting OD pair w. qw represents the 
trip demand between OD pair w. da,k (or da',k) is an indi-
cator variable. If real link a (or virtual link a') is on path 
k, then da,k = 1 (or da',k = 1), otherwise da,k = 0 (or da',k = 0). 

2.1 Lower-level Model

The real link performance function used here is the 
equation developed by the U.S. Bureau of Public Road 
(BPR) [16]. The equation is given by

( ) 0 1 a
a a a

a

x
t x t

C

  
 = +     

b

a , (1)

where 0
at  is the free-flow travel time on real link a, Ca is 

the capacity of real link a, and a and b are two positive 
parameters.

Travel time da' on virtual link a' represents the time 
of traffic flow going through the intersection, including 
queuing time and running time. The running time affect-
ing the intersection can usually be assumed away, when 
compared to the magnitude of the queuing time. Con-
sequently, for a signalized intersection, da' can be seen 
as the queuing time on virtual link a' in a signal period.

Signal period c can be divided into green time g 
and red time r (including amber time). Obviously, 
c = g + r. Assume that vehicles arrive at the intersection 
at the rate of l = xa' and depart at the rate of m = Ca' 
during the green time (Ca' is the capacity of virtual link 
a'). The process of vehicle arrivals to and departures 
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Figure 1 – A simplified network
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from a signalized intersection is exactly a queuing sys-
tem. Due to the assumption that l < m, when the signal 
turns green, the queue clears after g0 from the start 
of the green time. At this point, the arriving vehicles 
depart from the intersection in the rest of the green 
time (g - g0), until the signal turns red again. According 
to (r + g0)l = m g0, g0 is given by

0

/
1 /

g r=
-
l m
l m

. (2)

The total vehicle time of queuing on virtual link a' at 
an intersection in each signal period is

( ) ( )
2

' 02 2 1 /a

rd r r g= + =
-

l l
l m

. (3)

In a signal period c, the total number of vehicles is 
lc, and thus the average queuing time per vehicle is 
given by

( ) ( ) ( )
2 2

' '
' '

/
2 1 / 2 1 /

a a
a a

r rd x d c
c c x C

= = =
- -

l
l m

. (4)

Now, we propose a virtual link performance func-
tion ' 'a ax t  after left-turn prohibition and introduce 
a left-turn switching indicator qn', which indicates 
whether the left-turn at virtual node n' is prohibited. If 
the left turn is prohibited, then qn' = 1, otherwise qn' = 0. 
The vector of left-turn switching indicator is denoted as 
Q = (qn', n' ∈ N'). Then, the travel time of virtual link in 
left-turn direction after left-turn prohibition is given by

( ){ }max ,ABAB AB ABd x M=t q , (5)

where ( )AB ABd x  is the average queuing time in left-turn 
direction AB and M is a very large positive number. If 
the left-turn direction AB is prohibited, the switching 
indicator qAB = 1 and tAB is a very large positive number, 
and as a result, the vehicles will not turn left. If the 
left-turn direction is not prohibited, then qAB = 0 and tAB 
equals the average queuing time.

When the left-turn direction AB is prohibited, the 
vehicles going straight can occupy the left lanes, thus 
increasing the number of straight lanes and raising 
the capacity of straight direction AC. In this way, the 
travel time of virtual link in straight direction after left-
turn prohibition is given by

( )
2

2 1 /AC new
AC AC

r
c x C

=
-

t , (6)

new
AC AC AB ACC C C= + Dq , (7)

where new
ACC  is the new capacity of straight direction af-

ter left-turn prohibition and DCAC is the growth of the 
capacity.

The travel time of virtual link in right-turn direction 
after left-turn prohibition remains unchanged and is 
written as

ADAD d=t . (8)

The user equilibrium (UE) assignment problem un-
der left-turn prohibition can be formulated as the fol-
lowing mathematical programming:

( ) ( ) ( )'

'0 0
' '

min  d d
a ax x

a a
a A a A

z x t
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In this formulation, the objective value z(x) consists 
of two parts. The first part is the sum of the integrals 
of the real link performance functions and the other 
part is the sum of the integrals of the virtual link per-
formance functions. 

2.2 Upper-level Model

On the one hand, the objective function in the up-
per-level programming model needs to consider the 
total travel time in traffic network, which includes the 
total travel time on real links and on virtual links, i.e., 

' '
' '

min  a a a a
a A a A

x t x
∈ ∈

+∑ ∑ t . (10)

On the other hand, among the varieties of traffic 
emissions, CO is considered as an important indicator 
for the level of air pollution [17]. For the sake of sim-
plification, we have chosen CO as the only evaluation 
factor of traffic emissions in urban areas. Yin and Law-
phongpanich [18] proposed the following function to 
estimate the CO per vehicle discharged on link a:

( ) ( ) ( )( )0.7962 /0.2038 a a al t x
a a a ae x t x e= × × , (11)

where la is the length of link a and is equal to the 
product of free-flow travel time and average free-flow 
speed: 

0 0
a a al t v= × . (12)

Here,  and 0
av  are two given parameters, and 

hence the vehicular CO emissions ea only depend on 
traffic flow xa on link a.

Here, the emissions of both real links and virtual 
links are considered. The objective of the upper-level 
programming model is to minimize the weighted com-
bination of total travel time and total traffic emissions:

( ) ' '
'

' '
' '

'

m

1

in a a a a
a A a

a a a a
a A

A

a A

x t x

e x e x
∈ ∈

∈Q
∈ ∈

  + +
 

 + - + 
 

∑

∑ ∑

∑q
g t

g j , (13)

where g ∈ [0, 1] is the weight of total travel time and j 
is unit conversion factor, which is to match the units of 
the travel time and the traffic emissions.
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All in all, in the lower-level model, the UE minimiza-
tion program describes the flow pattern resulting from 
each driver's choice of the shortest travel-time route 
from their own interests. In the upper-level model, the 
planners will set the left-turn prohibitions according to 
the total travel time and total traffic emissions, and the 
drivers will accept the unified dispatching to change 
their routes so as to optimize the traffic system rather 
than their own.

It is worth mentioning that there are some related 
studies on left-turn prohibition [12-15,19-21]. Most of 
these existing studies focus on the microscopic level 
and study the vehicle running status from the view of 
signal design or security analysis. In contrast, this pa-
per proposes a UE assignment model from the mac-
roscopic perspective and also considers the traffic 
emissions in addition to the traditional travel time for 
the left-turn prohibition traffic management. Thus, the 
emphases of these existing studies are different from 
that of this paper. 

3. MODEL ALGORITHM

3.1 Algorithm for Lower-level Model 

The upper-level model gives the vector of left-turn 
switching indicator Q, namely the specific locations 
of the left-turn prohibition. Applying to the lower-level 
model, the Frank-Wolfe algorithm was used for UE to 
assign trip demand for vehicles to get the link flows, 
and then the weighted sum of total travel time and to-
tal traffic emissions were calculated in the upper-level 
model to be minimum.

The detailed steps of the Frank-Wolfe algorithm are 
given as follows:

Step 1
Initialization. Set initial feasible solutions 0

ax  (a ∈ A) 
and 0

'ax  (a' ∈ A'). Perform the all-or-nothing assignment 
based on ( )0 0

0a at t x=  (a ∈ A) and ( )0 0
' 0 'a ax=t t  (a' ∈ A'). 

Obtain the set of real link flows { }1
ax  and virtual link 

flows { }1
'ax . Set iteration counter n = 1.

Step 2
Update of travel time. Set 

( ) ,n n
a a at t x a= ∀ ; (14)

( )' ' ' , 'n n
a a ax a= ∀t t . (15)

Step 3
Direction finding. Perform the all-or-noting assign-

ment based on { }n
at  and { }'n

at . This yields the set of 
auxiliary real link flows { }n

ay  and auxiliary virtual link 
flows { }'n

ay .
Step 4
Line search. Find the optimal step length l(n) by 

solving

( ) ( )( )

( )( )' ' '

0 0

0
'

1

'

min d

d .

n n n
a a a

n n n
a a a

x y x

a
a

x y x

a
a

Z t
+ -

+

≤

-

≤
= +

+

∑ ∫

∑∫

l

l

l
l w w

t w w  (16)

Step 5
Update. Set 

( )1 ( ) ,n n n n n
a a a ax x y x a+ = + - ∀l , (17)

( )1 ( )
' ' ' ' , 'n n n n n

a a a ax x y x a+ = + - ∀l . (18)

Step 6
Convergence test. The algorithm stops if the con-

vergence criterion

( ) ( )2 21 1
' ' '

' '

n n n n n n
a a a a a a

a a a a

x x x x x x+ +  - + - + ≤ 
 

∑ ∑ ∑ ∑ e
 

 (19)

is met , where e is a preset precision parameter. The 
current solution 1{ }n

ax +  and 1
'{ }n

ax +  can be seen as the 
set of equilibrium link flows; set n = n + 1 and go to step 
2, otherwise.

3.2 Algorithm for Upper-level Model

The traditional genetic algorithm has been always 
used in this class of problems, but its ability to explore 
global space is limited, so it is easy to converge to the 
local optimal solution. As such, according to the fea-
tures of our left-turn prohibition model, the traditional 
genetic algorithm was improved by combining the enu-
merative algorithm with the genetic algorithm in up-
per-level model, which effectively improved the speed 
and accuracy of calculation. The procedures of the al-
gorithm are described as follows:

Step 1
Generate initial population. The population is ini-

tialized based on the left-turn switching indicator Q. 
Decompose vector Q into fragments with each in-
tersection, that is Q = (Q1, Q2, ..., QN), where N is the 
number of intersections in the traffic network. Use the 
enumerative algorithm to calculate the optimal solu-
tion of each Qi

*, with other left-turn switching indicator 
set to zero, to make the weighted combination of total 
travel time and total traffic emissions be minimized. 
Combine all optimal solutions Qi

* into Q*, namely 
Q* = (Q1

*, Q2
*, ..., QN

*) and Q* can be seen as an excellent 
individual. Generate m chromosomes randomly, each 
of which has n genes, where n is the number of virtu-
al nodes in traffic network and n = 4N. Hybridize each 
individual with the excellent individual Q* to form an 
excellent initial population.

Step 2
Fitness value calculation. Apply the initial popula-

tion in step 1 into the lower-level model to get the link 
flows, and then calculate the weighted combination 
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Z of total travel time and total traffic emissions. The 
fitness of individual chromosome in the population is 
computed by 

( ) ( )1F i Z sum Z= - . (20)

That is to say, the fitness increases as the objective 
value gets smaller.

Step 3
Selection. In order to let the excellent individuals 

have more chance to survive and maintain the diver-
sity of the population, replace the individual with the 
smallest fitness by the individual with the largest fit-
ness. The individual with the largest fitness enters the 
next generation directly and the rest individuals are 
selected by using the roulette method. 

Step 4
Crossover. Perform crossover operation to gener-

ate offspring individuals according to the crossover 
probability Pc.

Step 5
Mutation. Mutation operation is performed on each 

selected individual by mutation probability Pm.
Step 6
Termination condition test. If the generation is K 

or the fitness value no longer increases for several 
continuous generations, then terminate the algorithm; 
otherwise, go to step 2.

Figure 2 illustrates the solving process of the algo-
rithm in the upper-level.

Enumerative
algorithm

Hybridization

Genetic Algorithm

Θ = (Θ1, Θ2, ..., ΘN )

Θ∗ = (Θ1
∗, Θ2

∗, ..., ΘN
∗ )

Initial Population

Optimal Population

Θ1 Θ2
...

...

ΘN

Θ1
∗ Θ2

∗ ΘN
∗

Enumerative
algorithm

Enumerative
algorithm

Enumerative
algorithm

Figure 2 – Solving process of the algorithm in the upper-level

4. NUMERICAL EXAMPLES

Consider the network shown in Figure 1. The trip de-
mands and free-flow travel times are given in Tables 1 
and 2, respectively. Set signal period c = 120 s, red time 
rL = 90 s of left turn, red time rD = 90 s of straight 

Table 1 – Origin-destination demands distribution

OD 1 2 3 4 5 6 7 8 9
1 0 50 50 50 50 50 50 50 50
2 50 0 50 50 100 50 50 100 50
3 50 50 0 50 50 50 50 50 50
4 50 50 50 0 100 100 50 50 50
5 50 100 50 100 0 100 50 100 50
6 50 50 50 100 100 0 50 50 50
7 50 50 50 50 50 50 0 50 50
8 50 100 50 50 100 50 50 0 50
9 50 50 50 50 50 50 50 50 0

Table 2 – Free-flow travel time 

0
at 1 2 3 4 5 6 7 8 9

1 0 34 0 46 0 0 0 0 0
2 36 0 33 0 48 0 0 0 0
3 0 42 0 0 0 35 0 0 0
4 37 0 0 0 46 0 39 0 0
5 0 48 0 40 0 35 0 41 0
6 0 0 37 0 45 0 0 0 45
7 0 0 0 41 0 0 0 31 0
8 0 0 0 0 40 0 31 0 45
9 0 0 0 0 0 32 0 48 0
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direction, and red time rR = 50 s of right turn. Capaci-
ties CR = CL = 1000 pcu/h and CD = 2000 pcu/h of right 
turn, left turn and straight going, respectively, owing to 
the numbers of their lanes being different. The capac-
ity of straight-going increases to 3,000 pcu/h, when 
the left turn on the same side is prohibited. The model 
parameters a = 0.15 and b = 4, the average free-flow 
speed 0 15av = m/s, the weight of total travel time 
g = 0.7, and the unit conversion factor j = 10-4 s/g. In 
the upper-level model, set the number of populations 
to 50, the crossover probability to 0.7, the mutation 
probability to 0.3 and the number of iterations to 200.

Figure 3(a) shows the result of traffic assignment 
before left-turn prohibition. Figure 3(b) displays the 
specific locations of left-turn prohibition and the flow 
assignment pattern after left-turn prohibition. The 
flows of real links and left turns are also marked in the 
figure, where symbol ( ) represents that the vehicles 
in this direction are prohibited to turn left.

It can be seen from Figure 3(b) that the trip de-
mands have been assigned reasonably after left-turn 
prohibition, and the left-turn prohibition is implement-
ed at only these locations with low left-turn volume. As 
a result, when the left-turn volume is high, the left-turn 
movement should be allowed at the intersection.
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Figure 3 – Traffic assignment before and after left-turn prohibition
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For the upper-level model, Figure 4(a) compares 
the iterative processes obtained from the traditional 
genetic algorithm and improved algorithm when the 
weight g = 1 (i.e. we just consider the total travel time of 
the network). One can see that the traditional genetic 
algorithm needs about 35 minutes to reach the opti-
mal value 5.9163×105 s with 138 iterations. However, 
the improved algorithm just needs about 20 minutes 
to reach the optimal value 5.9131×105 s with 87 iter-
ations, which is even more optimized than the former. 
Compared with the total travel time 5.9849×105 s be-
fore left-turn prohibition, the optimal value is reduced 
by 1.20 %.

Figure 4(b) just considers the total traffic emissions 
of the network, namely the weight g = 0. It can also be 
seen that the performance of the improved algorithm 
is much better than the traditional genetic algorithm. 
The total traffic emission is 9.8963×105 s before left-
turn prohibition, and it converges to 9.8353×105 s 
after left-turn prohibition, being reduced by 0.62 %. 
It may be because the decrease of traffic emissions 
caused by the alleviation of traffic congestion exceeds 
the increase of emissions caused by other alterna-
tives' additional distance.

Thus, the improved algorithm can not only enhance 
the computing speed and reduce the iteration steps, 
but also advance the accuracy of the optimal solution. 
As shown in Figure 4(a), the initial value of the iteration 
is larger than the value before left-turn prohibition, so 
it may be concluded that unsuitable placement of left-
turn prohibition may result in an increase of the sys-
tem cost. 

It can be also learned from the results that the ef-
fect of left-turn prohibition simply considering the total 
travel time is much better than simply considering the 
total traffic emissions. Therefore, how to balance the 
weight of travel time and traffic emissions is particu-
larly important. 

5. CONCLUSION

With the optimal objective considering both trav-
el time and traffic emissions, a bi-level programming 
model for left-turn prohibition planning is proposed. 
The vehicles' queuing model at intersections before 
and after left-turn prohibition is given, the left-turn 
switching indicator q is put forward, and the traffic flow 
is assigned utilizing the UE rule. The genetic algorithm 
for the upper-level model has been also improved. The 
improved model can be used to obtain the concrete 
locations of left-turn prohibition with the information 
of network structure, free-flow travel time and trip de-
mand, to make the total network cost minimum. 

Numerical results show that careful placement of 
left-turn prohibition can reduce both traffic congestion 
and emissions. The improved algorithm can effectively 
enhance the speed and accuracy of the calculation. 

Therefore, the research and analysis in this paper are 
expected to be useful in designing and operating the 
left-turn prohibition in urban traffic network and to be 
of value in alleviating traffic congestion and reducing 
the pollutant emissions.
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考虑尾气排放的禁左规划用户均衡模型与算法 
 
摘要

交叉口处的左转车流是造成城市交通拥挤和交通事故
的关键因素，汽车尾气的排放也成为了影响城市空气质量
的主要污染源。越来越多的城市选择在交叉口禁止车辆左
转来保障主干路车流的通畅。所以，本文根据用户均衡原
理，建立同时考虑出行时间和尾气排放的禁左设计交通配
流双层规划模型，分别利用Frank-Wolfe算法和改进的遗传
算法进行求解。通过数值算例，展示改进后的算法可以有
效地提高收敛速度和解的精确度，并表明合理设置禁左交
叉口的位置可以使交通网络总出行时间和汽车尾气总排放
量减小。
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禁左；尾气排放；交通配流；用户均衡；双层规划;
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